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2.1 Homogeneous Linear ODESs of
Second Order




Homogeneous Linear ODES

e A second-order ODE is calldhear if it can be
written

(1) y' + p(x)y + q(x)y = r(x)
andnonlinear if it cannot be written in this form.

e If r(x) =0 (that isy(x) = O for allx considered; read
“r(x) is identically zero”), then (1) reduces to

(2) y'+ p(x)y + a(x)y =0

and is callechomogeneouslf riz)#£0 , then (1) Is
callednonhomogeneous




Homogeneous Linear ODES

* An example of a nonhomogeneous linear ODE is
Yy’ + 25y = X CcosX,
and a homogeneous linear ODE is
Xy'+y +xy=0,
written in standard form
y'+ 2y +y =0
* An example of a nonlinear ODE is
y'y+y?=0.
e The functiong andqin (1) and (2) are called the
coefficientsof the ODEs.

o




Homogeneous Linear ODES

e Solutionsare defined similarly as for first-order ODEs
In Chap. 1. A function

y = h(x)
IS called asolutionof a (linear or nonlinear) second-
order ODE on some open interval h is defined and
twice differentiable throughout that interval asd |
such that the ODE becomes an identity if we replace
the unknowry by h, the derivativey by h’, and the
second derivativg’ by h”.
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Homogeneous Linear ODESs:
Superposition Principle

e Linear ODESs have a rich solution structure. For the

homogeneous equation the backbone of this structure

IS thesuperposition principler linearity principle,
which says that we can obtain further solutionsifro
given ones by adding them or by multiplying them
with any constants. Of course, this is a great achgge
of homogeneous linear ODEs.
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Example

e The functiong) = cosz angd=sinx askisons of the

homogeneous linear ODE + y = C forxaNVe
verify this by differentiation and substitution.

o We obtain(cosz)” = —cosz : hence
"+ vy = (cosz)" + cosx =0

e Similarly for y =sinz

e We multiply cosz by a constant, for instance,,&nd
sinz DYy, say -2, and take the sum of the results,
claiming that it is a solution. Indeed, differemta

and substitution gives

(4.7cosx — 2sinx)"” + (4.7cos x — 2sin x)
—4.7Tcosx +2sinx +4.7cosxz —2sinx




Example

e In this example we have obtained frggandy, a
function of the form
(3) Y = C1y1 + Cy2

e This is called a@inear combination of y; andy,. In
terms of this concept we can now formulate theltesu
suggested by our example, often called the
superposition principle or linearity principle .




Theorem 1
e Fundamental Theorem for the Homogeneous
_inear ODE

e For a homogeneous linear ODE (2), any linear
combination of two solutions on an open intedvial
again a solution of (2) oin In particular, for such an
equation, sums and constant multiples of solutaoyas
again solutions.

e Don'’t forget that this theorem holds for homogerseou
linear ODEs only!
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Example: A Nonhomogeneous Linear
ODE

 Verify by substitution that the functions= 1 + cosz
andy =1+sinz are solutions of the nonbganeous
linear ODEs
y// + U — 1
but their sum is not a solution. Neither is, fostance,
2(1 4+ cosx) Or 5(1 +sinx)




Example: A Nonlinear ODE

 Verify by substitution that the functiops- »? and
y = 1 are solutions of the nonlinear ODE
y//y . wy/ — O
but their sum is not a solution. Neither ¥,-s0 you
cannot even multiply by -1.




Initial Value Problem

e For a second-order homogeneous linear ODE (2) an
Initial value problem consists of (2) and twitial
conditions

(4) Y(Xo) = Ko, Y'(X) =K.

e These conditions prescribe given valkgandK; of
the solution and its first derivative (the slopatsf
curve) at the same giverr X, in the open interval
considered.




Initial Value Problem

e The conditions (4) are used to determine the two
arbitrary constants, andc, in ageneral solution

(5) Y =Cy; T GYs

of the ODE; herey, andy, are suitable solutions of the
ODE.

e This results in a unique solution, passing throtingh
point (x,, Ky) with K, as the tangent direction (the
slope) at that point. That solution is callepdaaticular
solution of the ODE (2).




Example

e Solve the initial value problem
y" 4+ vy =0,y(0)=3.0,9/(0) = 0.5
e Step 1. General solution. The functions: and
are solutions of the ODE and we take
Y = C1COST + CoSIN X
This will turn out to be a general solution as dedl.

o Step 2. Particular solution. We need the derivative
y = —cysinz 4+ e cosz . From this and the initial values
we obtain, sincess0 =1 ardo =0

y(0) = ¢ = 3.0 y'(0) = ¢co = —0.5
This gives as the particular solution
y=3.0cosz — 0.5sinx




Example

e This figure shows that a&0 it has the value 3.0 and
the slope -0.5
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Fig. 29. Particular solution
and initial tangent in
Example 4




Observation

» Let us take instead two proportional solutions
Y1 = COST and ys = kcosx . Then we can Wl’gi"[& C1Y1 + Cay2

In the form
Y = €1 COST + cok cosx =

(' cosa

e Hence we are no longer able to satisfy two initial

conditions with only one ar
Consequently, in defining t

pitrary constant
ne concept of a general

solution, we must exclude

proportionality.




L . . ™
Definition: General Solution, Basis,

Particular Solution

e A general solutionof an ODE (2) on an open interval
| Is a solution (5) in whicly; andy, are solutions of (2)

onl that are not proportional, amgandc, are
arbitrary constants. Thesg, y, are called dasis(or a
fundamental systen) of solutions of (2) on.

e A particular solution of (2) onl is obtained if we
assign specific values g andc, in (5).




L . . ™
Definition: General Solution, Basis,

Particular Solution

e Furthermore, as usuah andy, are calledoroportional
onl if for all xonl,

(6) (@y,=ky, or (b)y,=ly,

wherek andl are numbers, zero or not. (Note that (a)
Implies (b) if and only ik # 0).
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Definition: General Solution, Basis,

Particular Solution

e Two functionsy, andy, are calledinearly independenton
an intervall where they are defined if
(7) kyy;(X) + ky,(X) = O everywhere ohimpliesk;, =0
andk, = 0.

e Andy, andy, are calledinearly dependenton| if (7) also
holds for some constaritg k, not both zero. Then, K # 0
or k, # 0, we can divide and see tiyaandy, are
proportional,

ko k1

Y1 = —k_1y2 Y2 = —k—z?/l

e In contrast, in the case of linaadependencthese
functions are not proportional because then we cannot
divide in (7).

A basisof solutions of (2) on an open intentas a pair of
linearly independent solutions of (2) tn




Example

e In the previous exampleysz  andz forbmais of
the ODEy" +y = for albecause their guotient is

cot & # const. HENCEy = ¢, cos x + o sin x IS a gehera
solution. The solutiony = 3.0cosz — 0.5sinz Of the

initial value problem is a particular solution.




Example

e Verify by substitution that;, =¢* angd=¢* are
solutions of the ODE/” -y =0 . Then sole mitial

value problem
y' —y=0,y(0)=06,y'(0) = -2

o () —e"=0and(e™)" —e*=0 showthat and
are solutions. They are not proportionél,e™ # const
Henceer and-—* form a basis fonale now write
down the corresponding general solution and its
derivative and equate their values at O at thergive
initial conditions, y(0) = ¢ + ¢y = 6
y=-ce' +ce "ty =cet — e ' (0) =c1 — cg = =2

c,=2,c,=4, so that the answer js= 2¢” + e~
L




Reduction of Order

e It happens quite often that one solution can badou
Oy inspection or in some other way. Then a second
iInearly independent solution can be obtained by
solving a first-order ODE.

e This is called the method afduction of order.




Example

e Find a basis of solutions of the ODE

(X2 =X)y' = xy +y=0.
* |Inspection shows thgt = xis a solution because; = 1 anay”;
= 0, so that the first term vanishes identicallg &#me second and

third terms cancel. The idea of the method is tis8Btute
Y, = uy; = uX Y, =UX+U, Y, =UX+2U
Into the ODE. This gives
(X2 =X)(u"x + 2u") = X(U'X + u) +ux =0.

ux and xu cancel and we are left with the following ODE,
which we divide by, order, and simplify,

(X2 =X)(u"x + 2u") — x2u’ = 0, (X2 =x)u” + (x— 2’ = 0.

o




(2 —2)u" + (x — 2)u' =0

Example

e This ODE is of first order i = u’, namely, & — X)V
+ (x—2)v = 0. Separation of variables and integration

IVES g 22 12
—=—= d:l::( ——)daz
v T4 — T r—1 =z
— 1
I [0 = In |z — 1] — 21 |z] = n 2 : |
T
_@-2 A B 12 R
z(z—1) z zx—1 x—-1 =z
i tB  x—2
A= — Let x =0, then A = -2
i r—1 r—1
B__A(:U—l)_(:v—Q) Let x =1, then B=1




Example

* We need no constant of integration because we want
obtain a particular solution; similarly in the next
Integration. Taking exponents and integrating again

we obtain

— 1 1 1 1
v=" =——— wu= [vdr=lz|+-

2 r 2 T
hence

Yo = ux = xln ||+ 1

e Sincey, = xandy, = xIn[x| + 1 are linearly
Independent (their quotient is not constant), wesha
obtained a basis of solutions, valid for all pasitx.




Reduction of Order

* In this example we applied reduction of order to a
homogeneous linear ODE
y' +plx)y +qz)y =C
Note that we now take the ODE in standard formhwit
y”, not f(X)y”. We assume a solutiop of (2), on an
open interval, to be known and want to find a basis.
For this we need a second linearly independent
solutiony, of (2) onl. To gety,, we substitute
y=wp=uy Yy =yy=uy+uy; Y =y =u"y + 2y +uy
Into (2).

© y




Reduction of Order

e This gives

(8)

u'yr + 2u'yy + uyy + plu'yr +uyy) + quyr =0
Collecting terms in/”. v/« , we have

u'yr + 4 2y + pyr) + ulyl +pyr + qyn) =0
Now comes the main point. Singgis a solution of (2),
the expression in the last parentheses is zeracéden

IS gone, and we are left with an ODEurandu”. We
divide this remaining ODE by, and set’'=U, u”= U’,

2/_|_ 2/
Ny Y pyl:(] U’-l—(ﬂ—l—p)U:O
Y1 Y1




Reduction of Order

e This is the desired first-order ODE, the reduced2OD
Separation of variables and integration gives

dU 2y - B |
7——(a+p)d:c In|U| = —2In|y| — [ pda
* By taking exponents we finally obtain
(9) U= %e‘fpdx
Y1

HereU=U', so thaty = [Udz . Hence the desired

second solution i$, = yyu =y, [ Udz The quotient
12/y1 = u = [ Udz cannot be constant (sinte> 0), so

thaty, andy, form a basis of solutions.
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2.2 Homogeneous Linear ODEs with
Constant Coefficients




Homogeneous Linear ODES

* We shall now consider second-order homogeneous linear
ODEs whose coefficiensandb are constant,

(1) y'+ay + by =0.

These equations have important applications in mechanical
and electrical vibrations.
e To solve (1), we recall from Sec. 1.5 that the solution of the
first-order linear ODE with a constant coefficiént
y +ky=0
is an exponential functiop= ce*x. This gives us the idea
to try as a solution of (1) the function
(2) y = e
/
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Homogeneous Linear ODES

e Substituting (2) and its derivatives
y = ie*andy”’ = 1%etX
Into our equation (1), we obtain
(12 +al + b)e*= 0.
e Hence if4 Is a solution of the importakcharacteristic
equation (or auxiliary equation
(3) P+al+b=0
then the exponential function (2) is a solutiorthaf
ODE (1).

(1) ¢ +ay +by=0
(2) y=e




MNtal+b=0

Homogeneous Linear ODES

* Now from algebra we recall that the roots of this
guadratic equation (3) are

(4) )\1 — %(—a + \/M) )\2 — %(—CL — a2 — 4[))
(3) and (4) will be basic because our derivatioovah
that the functions

©) yr=eM gy =M
are solutions of (1).




Homogeneous Linear ODES

* From algebra we further know that the quadratic
equation (3) may have three kinds of roots, depandi
on the sign of the discriminaat — 4b, namely,

e (Casel) Two real roots if a— 4b >0,
e (Case ll) Areal double root if a— 4b =0,
e (Case Ill) Complex conjugate roots ifa 4b < 0.

A = 3(—a+va>—4b) Ao = 2(—a — Va? — 4b)




Case 1. Two Distinct Real-Roots

* In this case, a basis of solutions of (1) on angriral

IS

)\1513 )\2:1?

Yy =€ Yo =€

because, andy, are defined (and real) for adland
their quotient is not constant.

* The corresponding general solution is

(6) Y = 1M + cpe??!
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Yyp =€

Y = €

)\QLC

Example

e We can now solvg’- y=0 systematically. The
characteristic equation i -1 =0 . ltsteoare
M =1and )\, =—-1 .Hence a basis of solutioais

and e and gives the same

y = ci1e’ + coe”

general solution asdyef

X
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Yyp =€ Y = €

Example

e Solve the initial value problem
y'+y-2y=0, y0)=4, y(0)=-5.
e Solution. Step 1. General solution. The characteristic
equation is
2+1-2=0
Its roots are
AM=1-1+V9) =1 X=3(-1-+9) =2

so that we obtain the general solution

y = cre’ + 026_2‘7j




Example

e Step 2. Particular solution. Sincey’(x) = c,eX —
2c,e” %%, we obtain from the general solution and the
initial conditions

y(0) =c,+c, =4,

y'(0) =c, - 2c, = -5.
Hencec, = 1 andc, = 3. This gives thanswer y =e*+
3e™,

O N A O 0%
&

Fig. 30. Solution in Example 2




A =i(—a+ Va® — 4b) Ay = 5(—a — Va2 — 4b)
Case |l. Real Double Root

e If the discriminan®? — 4bis zero, we see directly from
(4) that we get only one roat= A, = 4, = —a/2, hence
only one solution,

y, = e (@2)

e To obtain a second independent solugip(heeded for
a basis), we use the method of reduction of order
discussed in the last section, setyng uys;.
Substituting this and its derivativgs = U'y; + uy,
andy”, into (1), we first have

(U"y, + 20y, +uy'y) +a(u’y, +uy ) +buy, =0.

© y




(1) v"+ay +by=0

Case Il. Real Double Root [y =¢"""

e Collecting terms iv”, u’, andu, as in the last section, we
obtain

uy, +Uu(2y', +ay) +u(y’; +ay, + by =0.

e The expression in the last parentheses is zero, ginca
solution of (1). The expression in the first parentheses is
zero, too, since

2y’ | = —ag 2= —ay,.

e We are thus left withr’y, = 0. Hencau” = 0. By two
Integrationsy = ¢,X + C,. To get a second independent
solutiony, = uy;, we can simply choosg = 1,c, =0 and
takeu = x. Theny, = xy,. Since these solutions are not
proportional, they form a basis.




Case |l. Real Double Root

e Hence in the case of a double root of (3) a bdsis o

solutions of (1) on any interval is
e—ax/2 Xe—ax/2_

* The corresponding general solution is

(7) y = (Cy + CX)ea2,

M =1(—a+va®—4b) Ao = 2(—a — Va? — 4b)




Example

e The characteristic equation of the ORE+ 6y’ + 9y =0
IS +6MA+9=(\+3)2=0 . Ithaetdouble root
A=-3.Hence abasisis? and? . The
corresponding general solution is

y = (c1 + cox)e ™




Example

e Solve the initial value problem
y" + 1y +0.25y =0, y(0) = 3.0,9'(0) = —3.5

e The characteristic equation }8+ X+ 0.25 = (A +0.5) =0
It has the double root=-0.5 . This gives gjeneral
solutiony = (¢; + cox)e 052

e We need its derivativgé = c;e " — 0.5(c; + cpx)e "
From this and the initial conditions we obtain
y(0)=c1 =3.0 ¥ (0)=cy—0.5¢; =—=3.5 cy = —2
The particular §olution 1§ = (3 — 2x)e V2

| ] | | | ]
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Fig. 31. Solution in Example 4




A = i(—a+ Va® — 4b) Ao = 2(—a — va® — 4b)

Case lll. Complex Roots

e This case occurs if the discriminadt— 4b of the
characteristic equation (3) is negative. In thisecdhe
roots of (3) are the compléx= (-Y2)a * iw that give

the complex solutions of the ODE (1).

e However, we will show that we can obtain a basis of

real solutions
(8) vy, =e?coswX, Y,=e¥?sinwX
wherew? = b — (Ya)a?.

(1) ¥ +ay +by=0

(w>0)




Case lll. Complex Roots

e |t can be verified by substitution that these are
solutions in the present case. They form a basangn
Interval since their quotient caix is not constant.

* Hence a real general solution in Case lll is
(9) y=e@2(Acoswx +Bsinwx) (A, Barbitrary)




Example

e Solve the initial value problem
y" + 0.4y +9.04y = 0,y(0) = 0,¢'(0) =3
e Step 1. General solution. The characteristic eqgnas

A +0.4)X+9.04=0. It has the roots-02+3; . Hence

w =3, and a general solution (9) is
y = e V2" (Acos3z + Bsin3x)

o Step 2. Particular solution. The first initial catnah
givesy(0)=A=0. The remaining expressign: Be "2* gin 3z
We need the derivative

y = B(—0.2e7%%" sin 3z + 3e "% cos 3z




Example

e From this and the second initial condition we abtal
y'(0)=3B=3. HencaB=1. Our solution is

y = e " sin 3z

e This figure showy and the curves of"?* and "*
(dashed), between which the curveyalscillates.
Such “damped vibrations” (witk=t being time) have
Important mec;,’lanical and electrical applications.

1.0

0.5

Fig. 32. Solution in Example 5 /




Summary
Casel Roots of (2) Basis of (1) | General Solution of (1)
Distinct real
| ' eM?T et y = c1eM” 4 o
1) 72

Real double roo

[ A= (%R g a2 xgax2 y = (C; + C,X)e 2,
Complex
conjugate e a2 cOS X i _

11 1= (<Y + i | €2 sin wx y = €22 (A coswx + B sin wx)
= (YA - iw




2.3 Differential Operators




Differential Operators

e Operational calculusmeans the technique and
application of operators. Here, aperator Is a
transformation that transforms a function into aueot
function. Hence differential calculus involves an
operator, thalifferential operator D, which
transforms a (differentiable) function into its dative.

 In operator notation we write = d/dxand
(1) Dy =y’ = dy/dx.
» Similarly, D?y=D(Dy)=y".




Differential Operators

e For a homogeneous linear OE+ ay + by =0 with
constant coefficients we can now introduce the
second-order differential operator

L = P(D) =D?+aD + bl,

wherel is theidentity operator defined byly = .
e Then we can write that ODE as

(2) Ly=P(D)y=(D?+aD+bl)y=0.




Differential Operators

e P suggests “polynomial .l is alinear operator.

e By definition this means that ify andLw exist (this is
the case Iff andw are twice differentiable), thdn(cy
+ kw) exists for any constantsandk, and

L(cy + kw) =cLy + kLw,

* The point of this operational calculus is thgdbF can
be treated just like an algebraic quantilry.particular,
we can factor it.




Example

e FactorP(D)=D?—-3D —40] and aND)y =0
e D?>—-3D —40] = (D —8I)(D +5I) becausg? = |
Now (D —-8I)y=vy —8 =0 has th&uson 4, = ¢
Similarly, the solutionD +5I)y =y +5y =0 ISy, = e
This is a basis oP(D)y =0 on any interval
 From the factorization we obtain the ODE
(D=8I)(D+51)y = (D—8I)(y'+5y) = D(y'+5y) —8(y'+5y)
:y//_|_5y/_8y/_40y:y//_Sy/_40y:O
Verify that this agrees with the result of our nuethn
Sec. 2.2. This is not unexpected because we fakctore

P(D) In the same way s the characteristic polynomial
P()\) = A2 — 3\ — 40
/
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2.4 Modeling of Free Osclllations of
a Mass-Spring System




Setting Up the Model

* \We take an ordinary coil spring that resists extension as
well as compression. We suspend it vertically from a fixed
support and attach a body at its lower end, for instance, al
iron ball, as shown in Fig. 33. We ket 0 denote the
position of the ball when the system is at rest (Fig. 33b).
Furthermore, we chooglee downward direction as
positive, thus regarding downward forcesmssitiveand
upward forces asegative %*

nstretche
spring ‘180
——————— =0 =
I
System at

rest

System in
motion
(a) (b) (c)

Fig. 33. Mechanical mass—spring system /




Setting Up the Mode|

* We now let the ball move, as follows. We pull ivdo
by an amouny > 0 (Fig. 33c). This causes a spring
force

(1) F, = —ky (Hookes’s law)
proportional to the stretgh) with k (> 0) called the
spring constant

e The minus sign indicates thiaj points upward,
against the displacement. It isestoring force It
wants to restore the system, that is, to pull akaay
= 0. Stiff springs have large




Setting Up the Mode|

e Note that an additional forcd-zis present in the
spring, caused by stretching it in fastening thé bat
F, has no effect on the motion because it is in
equilibrium with the weighW of the ball,

—F,=W =mg,
whereg = 980 cm/set= 9.8 m/set= 32.17 ft/setis
theconstant of gravity at the Earth’s surface




Setting Up the Mode|

e The motion of our mass—spring system is determined
by Newton’s second law

(2) Massx Acceleration =my’ = Force

wherey” = d?y/dt? and “Force” is the resultant of all
the forces acting on the ball.




o

ODE of the Undampe8ystem

e Every system has damping. Otherwise it would keep
moving forever. But if the damping is small and the
motion of the system is considered over a relativel
short time, we may disregard damping. Then Newton’
law with F = F, gives the modeahy’ = F, = —ky; thus

(3) my’ + ky = 0.

k
= Y+ —y=0
m

|k s
m m m

S




y = e /?(Acoswt + Bsinwt)

N

ODE of the Undampe8ystem

e This iIs a homogeneous linear ODE with constant
coefficients. A general solution is obtained aSet.
2.2, namely 2

(4) y(t) =Acoswyt + Bsinwt “0= 1\~

e This motion is called Aarmonic oscillation. Its
frequencys f = wy/27 Hertz (= cycles/sec) because

cos and sin in (4) have the periadd,. The frequency

fis called thenatural frequency of the system.

- <
4 ~
o \/'®
lof N —
N ,//
\ ~ &
" /
\ &

o

(@) Positive
@) zero Initial velocity
(3) Negative

Fig. 34. Typical harmonic oscillations (4) and (4*) with the same y(0) = A and

different initial velocities y'(0) = woB, positive (1), zero (2), negative (3)




ODE of the Undampe8ystem

e An alternative representation of (4), which sholes t
physical characteristics of amplitude and phasi shi
(4), Is

(4%) y(t) = C cos (gt - 9)

with ¢ = vA2+ B2 and phase angjlevhere tar =
B/A.
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Example: Harmonic Osclillation of an

UndampedVass-Spring System

e |f a mass-spring system with an iron ball of weight
W=98 nt can be regarded as undamped, and the sprir
IS such that the ball stretches it 1.09 m, how many
cycles per minute will the system execute? Whadlt wil
Its motion be if we pull the ball down from rest b§
cm and let it start with zero initial velocity?

—

g



Example: Harmonic Osclillation of an
UndampedVass-Spring System

e Solution: Hooke’s law (1) withV as the force and 1.09
meter as the stretch gives=1.09k; thus
k=W/1.09=98/1.09=90 [kg/s€lc= 90 [nt/meter]. The
mass 1I9n=W/g=98/9.8=10 [kqg]. This gives the
frequencyw,/(27) = \/k/m/(2r) = 3/(27) = 0.48 [Hz] =

29 [cycles/min].

e From (4) and the initial conditiong(0) = A = 0.16
[meter] andy/(0) = wyB = 0

y(t) = 0.16 cos 3t [meter]

y(t) = Acoswyt + Bsinwyt

y
0.2 |-

0.1

0.1
0.2

. Hence the mots

ANANVANYAN

~

VAAVZAVORVIRVC

Fig. 35. Harmonic oscillation in Example 1

4




ODE of the Damped System

e To our modemy’ = —kywe now add a damping force
F, = -y,
obtainingmy’ = —ky — cy; thus the ODE of the
damped mass—spring system is
(5) my’ + cy + ky = 0. (Fig. 36)

e Physically this can be done by connecting the
ball to a dashpot; see Fig. 36. We assume this
damping force to be proportional to the velocit)
y' = dy/dt. This is generally a good approximatics
for small velocities.
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Fig. 36.
Damped system
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ODE of the Damped System

e The constant is called thedamping constant.et us
show that is positive. Indeed, the damping folfeg=
—cY actsagainstthe motion; hence for a downward
motion we haveg’ > 0, which for positivec makesF
negative (an upward force), as it should be.

e Similarly, for an upward motion we haye< 0, which
for c > 0 maked~, positive (a downward force).
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my” +cy' + ky =0
ODE of the Damped System

e The ODE (5) is homogeneous linear and has constan
coefficients. Hence we can solve it by the metmod |
Sec. 2.2. The characteristic equation is (divigdogam)

5 C k
M —A+—=0

™m, m,

e By the usual formula for the roots of a quadratic
equation we obtain, as in Sec. 2.2,

(6) =-a+p iy=-a—p

1
2m

2m,

t




ODE of the Damped System

e It is now interesting that depending on the amafint
damping present—whether a lot of damping, a
medium amount of damping, or little damping—three
types of motions occur, respectively:

» Case |.c>> 4mk. Distinct real rootd,, 4. (Overdamping)
e Case Il.c2 = 4mk. A real double root. (Critical damping)

e Case lll. c? < 4mk. Complex conjugate rootgnderdamping)

M=—-a+8 Jo=-a—7_

1
o =— B =—Vc?—4dmk
2m,
-
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Case |. Overdamping

e If the damping constatis so large that? > 4mk then/,
and/, are distinct real roots. In this case the corresponding
general solution of (5) is

(1) YO =ce Mt g
* We see that in this case, damping takes out energy so
quickly that the body does not oscillate. [FerO both

exponents in (7) are negative because0, 5 > 0, ands? =
a? — k/m < a?. Hence both terms in (7) approach zera as o~

o After a sufficiently long time, the mass will be at rest at the
static equilibrium positioy = 0). Figure 37 shows (7) for
some typical initial conditions.

S 4

Av=—a+f o= Bzi\/02—4mk
Ny =—a—f 2m, 2m,




Case |.

Overdamping

(a)

(D Positive
2) Zero } Initial velocity
(3) Negative
Fig. 37. Typical motions (7) in the overdamped case
(a) Positive initial displacement
(b) Negative initial displacement

(®)




Case Il. Critical Damping

e Critical damping is the border case between
nonoscillatory motions (Case |) and oscillationsg€a
). It occurs if the characteristic equation feadouble
root, that is, ifc? = 4mk so thafp = 0,4, = 1, = —a.
Then the corresponding general solution of (5) Is

(8) y(t) = (€, + e h)e ™.

e This solution can pass through the equilibrium posi
y = 0 at most once becaus&! is never zero and, +
c,t can have at most one positive zero.

e If both ¢, + ¢, are positive (or both negative), it has no
positive zero, so thatdoes not pass through 0 at all.

M=—-a+p8 ¢ ﬁzi\/c2_4mk
Ny =—a—f 2m, 2m,




Case Il. Critical Damping

(D Positive
@) Zero Initial velocity
(3) Negative

Fig. 38. Critical damping [see (8)]




>\1 —Oé+5 oy— ﬁ_i\/cz—llmk
9 =—a—f3 2m, 2m,

Case llI. Underdamplng

e It occurs if the damping constamis so small that? <

Amk.Theng in (6) Is no longer real but pure imaginary,
Nk 1 k c?

(9) pB=iw w*:%\/élmk:—cQ: o

e The roots of the characteristic equation are now
complex conjugates, = —a + io*, i, = —o — lo*,
with a = ¢/(2m), as given in (6). Hence the
corresponding general solution is

(10) y(t) = e (A cosw*t + Bsinw*t) = Ce * cos @*t —
0)

whereC? = A% + B2 and tarv = B/A, as in (4%).
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Case Ill. Underdamping

e This representdamped oscillations Their curve lies
between the dashed curyes Ce® andy = -Ce *in
Fig. 39, touching them wheb*t — ¢ Is an integer
multiple ofz because these are the points at which co
(wo*t— 0 ) equals 1 or —1.

e The frequency i&*/(27) Hz (hertz, cycles/sec). From
(9) we see that the smalle(>0) is, the larger i&*
and the more rapid the oscillations become. If
approaches 0, thev* approaches.,, = /k/m  giving
the harmonic oscillation (4), whose frequegy(2x)
IS the natural frequency of the system.

S




Case Ill. Underdamping

Y

Fig. 39. Damped oscillation in Case Il [see (10)]




Example

 How does the motion in the previous example change
If we change the damping constaritom one to
another of the following three values, wiit®)=0.16
andy’(0)=0 as before?
* (1) c=100 kg/sec, (lIx=60 kg/sec, (ll11)c=10 kg/sec




Example
e Solution (1). Withm=10 andk=90, the model is the

my” +cy' + ky =0

initial value problem

10y” + 100y + 90y = 0: y(0) = 0.16;¢'(0) = 0
The characteristic equation is

10A? + 100X + 90 = 10N+ 9)(A+1) =0

It has the roots -9 and -1. This gives the general
solution y = cie ™ + e . We also nged —9¢je 9 — coe!
The initial conditions give,+c,=0.16, -&,-¢,=0. The
solution isc;=-0.02,c,=0.18. Hence in the overdamped
case the solution is= —0.02¢ % + 0.18¢™!
It approaches 0 as— ~x




Example

e Solution (II). The model is as before, with60. The
characteristic equation now has the form
10A%2 + 60\ 4 90 = 10(\ + 3)? = 0. It has the double root -3.
Hence the corresponding general solution is
y = (c1 + cot)e™. We also need’ = (¢y — 3¢; — 3eot)e™
The initial conditions givg(0)=c,=0.16,y’(0)=c,-
3c,=0, ¢,=0.48. Hence in the critical case the solution
IS y = (0.16 + 0.48¢t)e™"

e It is always positive and decreases to 0 in a nuret
fashion.
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Example

e Solution (lI1). The model now i$0y” + 10y + 90y = 0
Sincec=10 is smaller than the critice] we shall get
oscillations. The characteristic equation
10A? 4+ 10A 4+ 90 = 10[(A + 5)*+9 — 4] = 0. It has the
complex roots

A= —0.5£052—9=—0.5%2.96i

This gives the general solution
y = e (A cos 2.96t + B sin 2.96t)

Thusy(0)=A=0.16. We also need the derivative
y = e " (—0.54 cos 2.96t — 0.58 sin 2.96t — 2.96A sin 2.96t + 2.96 B cos 2.96t
Hencey'(0)=-0.5A+2.9@8 = 0,B=0.027. This gives the

solution
@ y = e (0.16 cos 2.96t 4 0.027 sin 2.96t) = 0.162e=""" cos(2.96t — 0.17)

/




Example

* We see that these damped oscillations have a smalle
frequency than the harmonic oscillations in Exaniple
by about 1% (since 2.96 is smaller than 3 by about

1%). Their amplitude goes to zero.
Y
0.15
\
0.1 —\\>\
0.05 - | \ '\,
0 SN e — O —_ | |
2 \ /4 e 8 10 ¢
-0.05
-0.1 |-
Fig. 40. The three solutions in Example 2 W,




2.5 Euler-Cauchy Equations




Euler-Cauchy Equations

e Euler—Cauchy equationsare ODEs of the form
(1) X?y" + axy + by =0
with given constanta andb and unknown functiog(x).
We substitute
y = XM y=mxX"1l y'=mm - 1)x"?
Into (1). This gives
x2m(m — 1)XM=2 + axmx* 1t + bx"= 0
and we now see thgt= X" was a rather natural choice
because we have obtained a common factoDropping it,

we have the auxiliary equation(m — 1) +am + b =0 or
(2) m+(@-1m+b=0. (Note a — 1, nota.)




m*+(a—1)m+b=0

Euler-Cauchy Equations

e Hencey = xMis a solution of (1) if and only ihis a root of
(2). The roots of (2) are

(3)m =51 —a)+ /31 —a)2 b
m2:%<1_a)—\/i(1—a)2—b

e Case |. Real different rootsm, andm, give two real
solutions v1(z) = 2™ yy(x) = 2™

These are linearly independent since their quotient is not
constant. Hence they constitute a basis of solutions of (1)
for all x for which they are real. The corresponding genera

solution for all thes& is
(4) y = c13™ + coz™ (c,, ¢, arbitrary).

/




Example

e The Euler-Cauchy equatiofty” + 1.52¢/ — 0.5y = (
has the auxiliary equation’ + 0.5m — 0.5 =0 ., The
roots are 0.5 and -1. Hence a basis of solutionalfo
positivexis y,=x%°> andy,=1/x and gives the general

solution -
— cl\/E + z

m?+ (a—1)m+b=0
yi(x) =™ yp(x) = 2™

Yy =c12"™ 4 cox"™




m=31-a)+\/H1-a?—b my=41-a)— /A1 -a2 -0

N

Euler-Cauchy Equations

e Case Il. Areal double root m; = (1 — ) occurs If and
only if v=1a—1)> because then (2) beegm+ j(a — 1)}
as can be readlly verified. Then a solution is
y1 = 21792 ‘and (1) is of the form

(5) 2% +azy +1(1—a)*y=0 y”+ay’+(4T2)y—0

e A second linearly independent solution can be abthi

by the method of reduction of order from Sec. 2.1.

Starting fromy,=uy;, we obtain fou the expression (9)
Sec. 2.1, namely

u= [Udx U = i;zexp(—fpdx\




Euler-Cauchy Equations

e From (5) in standard form we see that/x (notax;
this is essential!). Hence
exp [(—pdz) = exp(—alnz) = exp(lnz™") = 1 /¢
Division by 32 = 2!~ gived=1/X, so thau=In x by
integration. Thusy,=uy,;=y, In x, andy, andy, are
linearly independent since their quotient is natstant.

The general solution corresponding to this basis is

(6) Yy = (Cl + coln x)xm m = %(1 — a)




Example
e The Euler-Cauchy equatiofty” — 52y’ + 9y =0 has the
auxiliary equationn? —6m +9=0 . ltshne double

rootm =3 , so that a general solution fompaisitive z

IS

y = (c1 +cylnz)z?




Euler-Cauchy Equations

e Case Ill. Complex conjugate rootsare of minor
practical importance, and we discuss the derivaiion
real solutions from complex ones just in terms of a
typical example.

e The Euler—Cauchy equatiory” + 0.6xy + 16.04y =0
has the auxiliary equatiar? — 0.4n + 16.04 = 0. The
roots are complex conjugatg = 0.2 + 4 andm, = 0.2
— 4i, where; = /-1 . We now use the trick of vngyi

r = e and obtain

T _ x0.2<6lnx)4z’ _ x0.2€(4lnx)7
em2 — 02-41 _ xO.Q(elnx>—4i _ xO.Qe—(éllnx)?




t

e’ = cost+1sint

Euler-Cauchy Equations

* Next we apply Euler’s formula (11) in Sec. 2.2 with

t = 4Inx to these two formulas. This gives
7™ = 2%?[cos(4Inz) +isin(4Inz)

1" = z%2[cos(4Inx) — isin(41n z)]

We now add these two formulas, so that the sinps

out, and divide the result by 2. Then we subtiaet t
second formula from the first, so that the cosirmod
out, and divide the result by.Z'his yields

22 cos(4In 22 sin(41n x)
respectively.

ro




Euler-Cauchy Equations

e By the superposition principle in Sec. 2.2 these ar
solutions of the Euler-Cauchy equation (1). Sirneert
quotientcot(4lnz) IS not constant, theylarearly
iIndependent. Hence they form a basis of solutiand,
the corresponding real general solution for allifjpges
1S y = 2"%[Acos(4lnz) + Bsin(4lnz)]

Y
1.5

3.0 ! Y xInx Y

- xl 1'2_ x0-5 lnx 1.2: x0.2 Sln(4lnx)
2.0 i x 05lnx '

0.5 0.5 T 0.5 m

B * O|||| (1 [x °Inx Oﬁ/il‘ll\ll|
U -0.5 x x
10_ x 05 o 114 2 " OW 1.4\2

(il at? -1.0 ~1.0F .

0 1 2 X ~1.5F ~1.5} x0-2 cos (4 Inx)

Case I: Real roots Case II: Double root Case III: Complex roots

Fig. 48. Euler—Cauchy equations /




Example

* Find the electrostatic potentnv(r) between two
concentric spheres of radi=5 cm and,=10 cm kept
at potentials/; = 110 V andv,=0, respectively.

e Physical informationv(r) is a solution of the Euler-
Cauchy equatiomy” + 20/ =0 , whefe- dv/dr

 Solution. The auxiliary equatianv+m=0. It has the
roots 0 and -1. This gives the general solution
v(r) = ¢ + co/r . From the “boundary conditions” (the
potentials on the spheres) we obtain

U(E)):Cl—l—%:llo U(lO):C1+%:G

y = c12"™ 4 cpx"




Example

e By subtractiong:/10 =110, c, = 1100.  oFrthe second
equation,c; = —¢/10=-110 . So thevaer
v(r) = —110+1100/r V. Figure 49 shows that the
potential is not a straight line. As it would be o
potential between two parallel plates. For examqute,
the sphere of radius 7.5 cm it is not 110/2=55W¢, b
considerably less.

v
100
80
60
40
20

| | | |
O5 6 7 8 9 10 r

Fig. 49. Potential v(r) in Example 4




2.6 Existence and Uniqueness of
Solutions. Wronskian




4 N

Existence and Uniqueness of Solutions

e In this section we shall discuss the general thebry
homogeneous linear ODEs

(1) y"+ p(Xy + a(x)y =0

with continuous, but otherwise arbitravgriable
coefficients p andg. This will concern the existence
and form of a general solution of (1) as well as th
uniqueness of the solution of initial value probéem
consisting of such an ODE and two initial condigon

(2) Y(%) =Ko, V(%) =Ky
with givenx,, K,, andKj.
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Existence and Uniqueness of Solutions

e The two main results will be Theorem 1, stating tha
such an initial value problem always has a solution
which is unique, and Theorem 4, stating that a iggne
solution

(3) Y =Gyt G (Cy, C, arbitrary)

Includes all solutions. Hend@ear ODEs with
continuous coefficients have fwingular solutions”
(solutions not obtainable from a general solution).




Theorem 1

e EXistence and Uniqueness Theorem for Initial
Value Problems

e If p(X) and dX) are continuous functions on some open
interval | (see Sec. 1.19nd % Is on [, then the initial
value problem consisting ¢f) and(2) has a unigque
solution ¥x) on the interval I.




Linear Independence of Solutions

* A general solution on an open intervad made up
from abasisy,, y, onl, that is, from a pair of linearly
iIndependent solutions dnHere we caly/,, y, linearly
iIndependenton | if the equation

(4) kKyy;(X) +ky,(X) =0 onl implies k;,=0,k,=0.
e We cally,, y, linearly dependenton | if this equation
also holds for constanks, k, not both 0. In this case,

and only in this caseg, andy, are proportional ok,
that is (see Sec. 2.1),

(5) (@) y;=ky, or (b)y,=ly, for all onl.




Theorem 2

e Linear Dependence and Independence of Solutions

e Let the ODH1) have continuous coefficientéxpand
g(x) on an open interval I. Then two solutionsandy,

of (1) on | are linearly dependent on I if and only if
their “Wronskian”

(6) WY1, Y) = YYo= oYy

IS 0 at some xin |. Furthermore, if W =0 at an x =x,
in I, then W =0 on I; hence, if there is an 1 | at

which W is no0, then y, y, are linearly independent
on I.
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Theorem 2

e For calculations, the following formulas are often
simpler than (6).

(6*) W (y1,12) =

(a) (y_1> yi (L #0) or (b)( )y2 (y2 # 0)

(6) W(yla y2) = ylyé — yzyi




Remark

e Determinants. Students familiar with second-order
determinants may have noticed that

W<y1;y2> _ Y1 Y2

_ r /
yi yé Y1Ys — Y2y

e This determinant is called tiMgronski determinarr,
briefly, theWronskian, of two solutionsy; andy, of
(1), as has already been mentioned in (6).




Example

e The functionsy; = coswzr  and=sinwz are solutions

of v/ + w?y =0 . Their Wronskian is

COS WXL SIN WX

W (coswz, sinwz) = .
—wsinwr w coswr

= Y1Ys — Ya¥
— wcos’ wr + wsin® wr = w
Theorem 2 shows that these solutions are linearly

iIndependent if and only if, £0 . Of courses gan
see this directly from the quotiept/y;, = tanwz . For

w=0we havey, =0 , which implies linear dependenc

—
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Example

e Ageneral solutionofy’ —2y/ +y=0  awyanterval Is
y = (a1 + cox)e” . The corresponding Wronskian is not O,
which shows linear independencef anrdon
any interval. Namely,

xr xr

xXe

WIZ,¢) = ler (g 4 Der

= (x +1)e** — ze* = e* £ ()




Theorem 3

e Existence of a General Solution

e If p(X) and (X) are continuous on an open interval I,
then(1) has a general solution on |.




Theorem 4

e A General Solution Includes All Solutions

e If the ODE(1) has continuous coefficient$xpand ((X)
on some open interval |, then every solution (X of
(1) on | is of the form

(8) Y(X) = Cpy1(x) + Coya(X)
where Y, Y, Is any basis of solutions () on | and G,
C, are suitable constants.

* Hence(1) does not havsingular solutions(that is,
solutions not obtainable from a general solution).




Proof of Theorem 4

e Lety=Y(X) be any solution of (1) on I. Now, by
Theorem 3 the ODE (1) has a general solution

(9) y(z) = ay(z) + cya(z)
onl. We have to find suitable values®f c, such that
y(X)=Y(x) onl. We choose any, in | and show first
that we can find values @f, c, such that we reach
agreement at,, that is,y(X,)=Y(Xy) andy’(X;)=Y'(Xy).
Written out in terms of (9), this becomes

(@) cyi(wo) + caya(xo) = Y (o,

B0 () catlo) + capblon) = Vo




Proof of Theorem 4

* \WWe determine the unknowrgandc,. To eliminatec,,

we multiply (10a) byy.,’(x;) and (10b) by y(x;) and
add the resulting equations. This gives an equébion

c,;- Then we multiply (10a) byyt'(x,;) and (10b) by
Y,(%,) and add the resulting equations. This gives an
equation forc,. These new equations are as follows,
where we take the valuesyfy.’,y.,y,’, Y,Y at X,

ci(yiyy — youh) = aaW(yr, y2) = Yyp — 32V

c2(ys — vauy) = Wy, y2) = Y’ = Yy




©

Proof of Theorem 4

e Sincey,, Y, IS a basis, the Wronskiai in these
equations is not 0, and we can solvedaandc,. We
call the (unique) solution, = C,, ¢, = C,. By
substituting it into (9) we obtain from (9) the peular
solution y*(z) = Ciy1(z) + Coya(x)

e Now sinceC,, C, is a solution of (10), we see from (10
that

y*(zo) = Y (o, Yy (zo) = Y ()
From the uniqueness stated in Theorem 1 this implie
thaty* andY must be equal everywhere brand the
proof is complete.

D




2.7 Nonhomogeneous ODEs




Nonhomogeneous ODESs

e Consider the second-order nonhomogeneous linear
ODE
(1) y' + p(x¥)y + a(x)y = r(x)

wherer(x) # 0.We shall see that a “general solution” of
(1) is the sum of a general solution of the
corresponding homogeneous ODE

(2) y'+ p(Xy + ax)y =0

and a “particular solution” of (1). These two nexsns
“general solution of (1)” and “particular solutia (1)”
are defined as follows.
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General Solution, Particular Solution

e A general solutionof the nonhomogeneous ODE (1)
on an open intervalis a solution of the form

(3) Y(X) = Yn(X) + Y(X);

herey, = c,y; + C,Y, IS a general solution of the
homogeneous ODE (2) drandy, is any solution of (1)
on| containing no arbitrary constants.

e A particular solution of (1) onl is a solution
obtained from (3) by assigning specific values® t
arbitrary constants, andc, in y;,

o y




Theorem 1

* Relations of Solutions of (1) to Those of (2)

e (a) The sum of a solution y @) on some open
Interval | and a solutio of (2) on I is a solution of1)
on |. In particular,(3) is a solution of1) on |.

* (b) The difference of two solutions(@)on | is a
solution of(2) on |.

(1) ¥ +p@)y +qlx)y=r(z)
2) v +p@)y +q(x)y=0




Proof of Theorem 1

e (a) LetL[y] denote the left side of (1). Then for any
solutionsy of (1) andy of (2) oh.
Lly+y =Ly + Ll =r+0=r
 (b) For any solutiong andy* on | we have
Ly -y =Ly - Ly |=r—r=0




Theorem 2

e A General Solution of a Nonhomogeneous ODE
Includes All Solutions

e If the coefficients (x), q(x), and the function(x) in (1)
are continuous on some open interval I, then every
solution of(1) on | is obtained by assigning suitable
values to the arbitrary constantgand ¢ in a general
solution(3) of (1) on 1.




Proof of Theorem 2

e Lety* be any solution of (1) ohandx, anyxin|. Let (3)
be any general solution of (1) bnThis solution exists.
Indeedy,=c,Yy,*C.Y, exists by Theorem 3 in Sec. 2.6
because of the continuity assumption, gnexists
according to a construction to be shown in Sec. 2.10. Now
by Theorem 1(b) just proved, the differencg/*-y, is a
solution of (2) orl. At X, we have

Y(zo) = y" (o) — yplwo,  Y'(w0) = y*(20) — ¥, (0)
e Theorem 1 in Sec. 2.6 implies that for these conditions, as
for any other initial conditions ih there exists a unique

particular solution of (2) obtained by assigning suitable
values tac;,c, iny,. From this ang*=Y+y, the statement

follows.
@ y
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Method of Undetermined Coefficients

e To solve the nonhomogeneous O kor an initial
value problem fo(1), we have to solve the
homogeneous ODE) and find any solutionof (1),
so that we obtain a general solution (3) of (1).

» How can we find a solutioy, of (1)? One method is
the so-calleanethod of undetermined coefficientslt
IS much simpler than another, more general, method
(given in Sec. 2.10). Since it applies to models of
vibrational systems and electric circuits to be smaw
the next two sections, it is frequently used in
engineering.

o y
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Method of Undetermined Coefficients

e More precisely, the method of undetermined coefficients is
suitable for linear ODEs witbonstant coefficientsaand b

(4) y' +ay + by =r(x)
whenr(X) is an exponential function, a powengf cosine
or sine, or sums or products of such functions. These
functions have derivatives similar t(x) itself. This gives
the idea.

» We choose a form far, similar tor(x), but with unknown
coefficients to be determined by substituting fhand its
derivatives into the ODE. Table 2.1 on p. 82 shows the
choice ofy, for practically important forms af(x).
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Choice Rules for the Method of
Undetermined Coefficients

e (a) Basic Rulelf r(x) in (4) is one of the functions in the
first column in Table.1,choose yin the same line and
determine its undetermined coefficients by substitufjng y
and its derivatives int¢4).

* (b) Modification Rule. If a term in your choice fory
happens to be a solution of the homogeneous ODE
corresponding t@4), multiply this term by %or by ¥ if this
solution corresponds to a double root of the characteristic
equation of the homogeneous ODE

e (c) Sum Rule.lf r(x) is a sum of functions in the first
column of Table.1, choose for ythe sum of the functions
In the corresponding lines of the second column.

/




Choice Rules for the Method of
Undetermined Coefficients

e The Basic Rule applies whe(x) is a single term. The
Modification Rule helps in the indicated case, tnd
recognize such a case, we have to solve the
homogeneous ODE first. The Sum Rule follows by
noting that the sum of two solutions of (1) with r,
andr = r, (and the same left side!) is a solution of (1)
withr=r +r,.

» The method is self-correcting. A false choiceypor
one with too few terms will lead to a contradictién
choice with too many terms will give a correct gsu
with superfluous coefficients coming out zero.
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Choice Rules for the Method of
Undetermined Coefficients

Table 2.1 Method of Undetermined Coefficients

Term in r(x)

Choice for y,(x)

ke"™
kx"(n=0,1,--)
k cos wx

k sin wx

ke™* cos wx

ke™™ sin wx

Ce™

Kx"+ K, _1x"" 1+ -+ Kix + Ko

> K cos wx + M sin wx

»e™(K cos wx + M sin wx)




L . ™
Example: Application of the Basic Rule

(@)

e Solve the initial value problem
(5) y" +y = 0.00122, y(0) = 0,7'(0) = 1.5

e Step 1. General solution of the homogeneous ODE.
The ODEy” +y=C has the general solution

y, = Acosz + Bsinw

* Step 2. Solutioy, of the nonhomogeneous ODE. We
firsttry y, = K2* . Then! =2K . Bylssiitution,
oK + Kz? =0.00122 . For this to hold alk, the
coefficient of each power of (x> andx®) must be the
same on both sides; ths0.001 and B=0, a
contradiction.
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Example: Application of the Basic Rule

(@)

* The second line in Table 2.1 suggest the choice
Yp = Kox? + Kz + K
o+ 1y = 2Ko + Koz® + Kyz + Ky = 0.0012?
Equating the coefficients of, x, X0 on both sides, we
haveK,=0.001,K,=0, X,+K,=0. HenceK=-2K,=-
0.002. This givesy, = 0.0012> — 0.002 nh¢a
y=1yn+y,=Acosz+ Bsinz + 0.0012* — 0.002

e Step 3. Solution of the Initial value problem. Byt
x=0 and using the first initial condition givg&)=A-
0.002=0, hencé&=0.002.
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Example: Application of the Basic Rule

(@)

e By differentiation and from the second initial carah,
y =y, +y, =—Asinz + Bcosz + 0.002z
y'(0) =B =1.5
This gives the answer
y = 0.002cosz + 1.5sinz + 0.001z% — 0.002
Figure 50 showsg as well as the quadratic parabgla
about whichy is oscillating, practically like a sine

curve since the cosine term is smaller by a faafor
about 1/1000. »

2_

I
(1)_\/ 1W \ )20/ 30 T40 =
@ Fig. 50. Solution in Example 1 Y.




Example: Application of the
Modification Rule (b)

e Solve the initial value problem

(6) y'+ 3y +2.25y = -10e 1> y(0) = 1,y'(0) = O.

e Step 1. General solution of the homogeneous ODE.
The characteristic equation of the homogeneous ODE
ISA2+ 31+ 2.25 =(+ 1.5F=0. Hence the
homogeneous ODE has the general solution

Yh = (Cy + CX)e i,
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Example: Application of the

Modification Rule (b)

» Step 2. Solution y, of the nonhomogeneous ODE.
The functione ¥ on the right would normally require
the choiceCe 1>, But we see fromy, that this function
IS a solution of the homogeneous ODE, which
corresponds to double rootof the characteristic
equation. Hence, according to the Modification Rule
we have to multiply our choice function k& That is,
we choose

y, = Cxz e 1=,
Theny=C(2x - 1.5¢) e 1>y’ =C(2 - X - 3x +
2.25¢) e L5




Example: Application of the
Modification Rule (b)

e We substitute these expressions into the given ODE
and omit the factog!->. This yields

C(2 - & + 2.25@) + 3C(2x — 1.5¢) + 2.25°x2 = -10.
o Comparing the coefficients af, x, X0 gives
0=0,0=0,2 =-10, henc& = -5.

This gives the solutiop, = —-5x?e™1>. Hence the
given ODE has the general solution

Y =W + yp = (C1 + sz)e—l-SX — Gy2e 1.5




Example: Application of the
Modification Rule (b)

e Step 3. Solution of theinitial value problem. Settingx

= 0 iny and using the first initial condition, we obtain
y(0) =c, = 1. Differentiation ofy gives

y =(c, - 1.5c; — 1.5c,X)e 1% — 10k 1.5+ 7.5¢e 15,
* From this and the second initial condition we have
y (0)=c,- 1.5, =0. Hence, = 1.5¢, = 1.5.
This gives the answer (Fig. 51)
y=(1+1%) el>-5Relx=(1+1.5%-5x2) el

The curve begins with a horizontal tangent, crofises
x-axis atx = 0.6217 (where 1 + X5 5x> = 0) and
approaches the axis from belowxaacreases.




Example: Application of the
Modification Rule (b)

O
o &)
|IIII|IIIIy

Fig. 51. Solution in Example 2
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Example: Application of the Sum Rule (¢

e Solve the initial value problem

(7) ¥ +2y +0.75y = 2cosz — 0.25sinz + 0.09z, y(0) = 2.78,4'(0) = —0.43

e Step 1. General solution of the homogeneous ODE.

The characteristic equation of the homogeneous ODE

IS A2+ 2\ +0.75 = (A + 3)(A + 3) = 0, Which gives the
general solutiony, = cie /% + cye 3%/

e Step 2. Particular solution of the nonhomogeneous
ODE. We writey, = y,; +,, and, followingldle 2.1,
(C) and (B),

Yy, = K cosx + Msinz Y = Kix + K

A
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Example: Application of the Sum Rule (c

e Differentiation givesy,; = —Ksinx + M cosz ,
ym = —Kcosz — Msinz andy, = Ky, =0 . Substitution
of y,1 Into the ODE in (7) gives, by comparing th
cosine and sine terms,
K +2M+071K =2 —M—2K +0.75M = —0.25

henceK=0 andM=1. Substitutingy,, into the ODE In

(7) and comparing the andx®-terms gives

0.75K; = 0.09 Ky =0.12
2K1 4+ 0.75Ky=0 Ky = —0.32

e Hence a general solution is
Yy = cre %+ coe™3/2 fginx + 0.122 — 0.32

A4
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Yy = cre” 2 4 coe ™32 L sing + 0.122 — 0.32
Example: Application of the Sum Rule (c

e Step 3. Solution of the initial value problem. Frgny’
and the initial conditions we obtain
y(0) = ¢ + ¢y — 0.32 = 2.78
y'(0) = —2c1 —2c0+1+0.12=—04
Hencec,=3.1,c,=0. This gives the solution of the IVP
y=3.1le 2 +sinx+0.122 — 0.32

Yy

3
2.5

VA

I | | | | | |
2 6 8 10 12 14 16 18 20 «
sl 2V

A4

Fig. 52. Solution in Example 3 /




Stability

e If (and only if) all the roots of the charactersti
equation of the homogeneous OP® ay+b=0 in (4)
are negative, or have a negative real part, then a
general solutiory, of this ODE goes to 0 as— ~o
so that the tfansient solution” y=y, +y, of (4)
approaches thesteady-state solutiofi y,. In this case
the nonhomogeneous ODE and the physical or other
system modeled by the ODE are caktable
otherwise they are callathstable For instance, the
ODE in Example 1 is unstable.




2.8 Modeling: Forced Oscillations.
Resonance




Mass-Spring System

e |In Sec. 2.4 we considered vertical motions of asnas
spring system (vibration of a masson an elastic
spring, as in Figs. 33 and 53) and modeled it by th

homogeneous linear ODE
(1) my' + cy + ky =0.

e Herey(t) as a function of timeis the displacement of

the body of mase from rest.

€
Fig. 53. Mass on a spring S



Mass-Spring System

e The mass—spring system of Sec. 2.4 exhibited only
free motion. This means no external forces (outside
forces) but only internal forces controlled the oot

e The internal forces are forces within the systeheyl
are the force of inertimy’, the damping forcey (if c
> (), and the spring fordey, a restoring force.

k % Spring
m ass r

€
Fig. 53. Mass on a spring S




Mass-Spring System

e We now extend our model by including an additional
force, that is, the external forcé), on the right. Then
we have

(2*%) my’ + cy + ky = r(t).

e Mechanically this means that at each instdhé
resultant of the internal forces is in equilibriwvtth
r(t). The resulting motion is calledfarced motion
with forcing function r(t), which is also known as
Input or driving force, and the solutiog(t) to be
obtained is called theutput or theresponseof the
system to the driving force.




Mass-Spring System

o Of special interest are periodic external forcesl, ae
shall consider a driving force of the form

r(t) = F, coswt (Fo>0,w > 0).
 Then we have the nonhomogeneous ODE
(2) my’' + cy + ky = F, coswt.

e |ts solution will reveal facts that are fundamemtal
engineering mathematics and allow us to model
resonance.




~

Solving the Nonhomogeneous ODE

e From Sec. 2.7 we know that a general solution pig(2
the sum of a general solutignof the homogeneous
ODE (1) plus any solutioy, of (2). To findy,, we use
the method of undetermined coefficients (Sec. 2.7),
starting from

(3) Yo(t) =acoswt + b sinwt.

e By differentiating this function (chain rule) wetam
Y, = —wasinwt + wb cos wt
Y, = —w?a cos wt — w?bsin wt




~

Solving the Nonhomogeneous ODE

e Substitutingy,,v,.y, Into (2) and collectiting cosine

p

and the sine terms, we get
[(k — mw?)a + web| coswt + [—wea + (K — mw?)b] sinwt = Fy cos wt
The cosine term on both sides must be equal, and th
coefficient of the sine term on the left must beoze
since there is no sine term on the right. This ge
two equations
2 _
(4) (k—mw)a+w2cb—F0
—wca + (K — mw=)b =0

for determining the unknown coefficierdandb.
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k: spring constant | y,(t) = acoswt + bsinwt

Solving the Nonhomogeneous ODE

e Solve by elimination.

k — mw? we
_ b= F
¢ Fo(k — mw?)? + w?c? "k — muw?)? + wc?
e If we set\/k/m=w, asin Sec. 2.4, thehmw? and
we obtain
B m(wi — w?) o we
() o= FOmQ(wg — w?)? + w?c? OmZ(w% — w?)? + wic?

e We thus obtain the general solution of the
nonhomogeneous ODE in the form
(6) y(t) = yn(t) + yp(t)
wherey,, Is a general solution of the homogeneous
ODE (1) andy, Is given by (3) with coefficients (5)

© y




oL N
Case 1. Undampdeprced Osclllations.

Resonance yp(t) = a coswt + bsinwt

e If the damping of the physical system is so small that its
effect can be neglected over the time interval considered,

we can set = 0. Then (5) reduces = Fy/[mM(wy* — v?)]

andb = 0. Hence (3) becomes (usg’ = k/m)

(7) — Fo cos wt = il COs W
lE) = o S = T o

e Here we must assume thet# wy?; physically, the
frequencyw/(2x) [cycles/sec] of the driving force is
different from thenatural frequencyv/(2r) of the system,

In Sec. 2.4].

/

which is the frequency of the free undamped motion [see (4)
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Case 1. Undampdeprced Osclllations.

Resonance

e From (7) and from (4*) in Sec. 2.4 we have the gaine
solution of the “undamped system”

F
(8) y(t) = C cos(wot — 9) + - 0_ ) cos wt

e We see that this output issaperposition of two
harmonic oscillations of the frequencies just
mentioned.
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Case 1. Undampédebrced Oscillations.
Resonance |0 = oo eoswt = gr—pimm oot

 ResonanceWe discuss (7). We see that the maximum

amplitude ofy, is (put coswt = 1)

Fy _ 1

(9) ap = ?P P = 1 — (w/wy)?

e a,depends omw andw,. If ® — w,, thenp anda,
tend to infinity. This excitation of large oscillans by
matching input and natural frequenciesH w,) Is
calledresonancep is called thaesonance factor(Fig.
54), and from (9) we see thatk = ay/F, is the ratio of
the amplitudes of the particular solutigrand of the
iInput F, coswt. We shall see later in this section that
resonance is of basic importance in the study of
vibrating systems.

/




Case 1. Undampdebrced Oscillations.
Resonance

Fig. 54. Resonance factor p(w)

~
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Case 1. Undampdeprced Osclllations.

Resonance

* In the case of resonance the nonhomogeneous ODE (2)
becomes

(10) Y+ wiy = £o cos wt
™m,
e Then (7) is no longer valid, and from thldification

Rulein Sec. 2.7, we concC hat a particular solution
of (10) is of the form

f) = t(a cosm.t + b sin w.1). The form ofy,, is
Yp(t) =1( Do Ot Giiar to thed ofy,

my” + ¢y + ky = Fycoswt

_ k 1
W = o "+ —y = —Fycoswyt
I mm) Y my 0 0
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Case 1. Undampdebrced Oscillations.

Resonance

e By substituting this into (10) we fina = 0 andb =
Fo/(2mw,). Hence (Fig. 55)

(11)

Fy | .
Yp(t) = Qmwnt sin wyt

e We see that, because of the fa¢tdine amplitude of the
vibration becomes larger and larger. Practically speaking,
systems with very little damping may undergo large
vibrations that can destroy the system.

y
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Fig. 55. Particular solution in the case of resonance




Case 1. Undampdeprced Osclllations.
Resonance

e Beats.Another interesting and highly important type
of oscillation is obtained b is close taw,. Take, for
example, the particular solution [see (8)]

(12)

(?) - ( t— t)
= COS Wt — cos w
Y m (2) 2) 0 W £ Wy

e Using (12) in App. 3.1, we may write this as

2F —
y(t) = 5 : 7 Sin (cuo - wt) sin (wo wt)
m(wg — w?) 2 2




/
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Case 1. Undampdebrced Oscillations.
Resonance

e Since isw close tow,, the differencen, — ® Is small.
Hence the period of the last sine function is lasyel
we obtain an oscillation of the type shown in E§,
the dashed curve resulting from the first sinedact
This is what musicians are listening to when thae
their instruments.

y

Fig. 56. Forced undamped oscillation when the difference of the input
and natural frequencies is small (“beats”)

~




4 N

Case 2. Damped Forced Osclllations

e If the damping of the mass—spring system is not
negligibly small, we have > 0 and a damping teray
In (1) and (2). Then the general solutyprof the
homogeneous ODE (1) approaches zerogags to
Infinity, as we know from Sec. 2.4.

e Practically, it is zero after a sufficiently longe.
Hence the transient solution” (6) of (2), given byy =
Yo + Y, @pproaches thesteady-state solutiofi y,,
This proves the following theorem.
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Case 2. Damped Forced Osclllations
e Theorem 1: Steady-State Solution

o After a sufficiently long time the output of a daup
vibrating system under a purely sinusoidal driving
force[see(2)] will practically be a harmonic
oscillation whose frequency is that of the input.
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Case 2. Damped Forced Osclllations

o Amplitude of the Steady-State Solution. Practical
Resonance.

* Whereas in the undamped case the amplitugg of
approaches infinity a® approaches,, this will not
happen in the damped case. In this case the anhplitu
will always be finite. But it may have a maximunr fo
somew depending on the damping constanthis
may be callegbractical resonance

e It is of great importance because& i not too large,
then some input may excite oscillations large ehoug
to damage or even destroy the system.

-

/
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(3) yp(t) = acoswt + bsinwt

Case 2. Damped Forced Oscillation:

* To study the amplitude gf, as a function ofv, we
write (3) in the form

(13) Yo(t) = C* cos (wt - 7).
 C*Is called theemplitude of y, andy the phase angle

or phase lagbecause it measures the lag of the output
behind the input. According to (5), these quardiaee

S

(14) v w) = Va2 + 12 = FO
\/m2 2 + w?c?
tan (o) = ¢
ann(w) =— =
" a m(w% — w)
_ m(wp — o) b—F e
(%) a= FOmQ(wg — w?)? 4+ wic? "m2(wf — w?)? + wé?
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Case 2. Damped Forced Oscillation:

e Let us see whether(w) has a maximum arsw, if
find its location and then its size. We denote the
radicand in the second root@f by R. Equating the
derivative ofC* to zero, we obtain

dC™ _

7= FO(—%R_3/2)[2m2(w(2) — w?)(—2w) + 2wc?*

The expression in the brackets [] is zero if
(15) ¢® = 2m*(wi — w?) (wi = k/m)

By reshuffling terms we have

2m2w? = 2mAwi — ¢ = 2mk — ¢

S
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Case 2. Damped Forced Oscillation:

e The right side of this equation becomes negative if
> 2mk , SO that then (15) has no real solution @hd
decreases monotone as  increases, as the lowest
curve in Fig. 57 shows. tfis smaller,.2 < 2mk , then

(15) has a real solution = w,,,, , where

62

1 * 2 — 42 _ -

( 5) Winaz Wo Im2
From (15*) we see that this solution increases as
decreases and approachgs c &@gproaches zero.

See also Fig. 57.

S




Case 2.

~

Damped Forced Oscillation

Fig. 57.  Amplification C*/F, as a function of
w form = 1,k = 1, and various values of the

damping constant ¢

S
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Case 2. Damped Forced Oscillation:

e The size ofC*(w,,..) IS obtained from (14ithw

w? = w? given by (15*). For this,?  we obtain in the

second radicand in (14) from (15%)
4 2

c c
20,2 2 \2 _ 2 2 _ (.2 _ 2
m= (Wi — Wige) = yoeg Wi Co = (Wo 5 2>c

The sum of the right sides of these two formulas is
(¢t + 4mPwic® — 2¢t) /(4m?) = 2(4m2w3 — c2)/(4m?)
Substitution into (14) gives

(16) () = —oE0

cy/4Am2w; — c?

S
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Case 2. Damped Forced Oscilllation

* We see thaC*(w,,,,) IS always finite whei > 0.
Furthermore, since the expression
C?4n¥wy> — ¢* = c4(4mk —¢?)

In the denominator of (16) decreases monotonerto ze
asc? (<2mK goes to zero, the maximum amplitude (16

Increases monotone to infinity, in agreement with o
result in Case 1.

5

)
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Case 2. Damped Forced Oscilllations

e Figure 57 shows thamplification C*/F, (ratio of the amplitudes of
output and input) as a function@fform =1,k = 1, hencev, = 1, and
various values of the damping constant

e Figure 58 shows the phase angle (the lag of theubbehind the input),
which is less than/2 whenwo < w,, and greater than'2 for o > w,,.

c# n
F T

0
4

O o000

| | I [ I [

N —m,=0O
S~
N

ST

w 0 > .

|
I
|
|
|
|
0 1

Fig. 57. Amplification C*/Fy as a function of Fig. 58. Phase lag 7 as a function of o for

w form = ]’j =1 and va:m.ls values of the m =1,k =1, thus vy = 1, and various values
\ amping constant ¢ of the damping constant ¢ /




2.9 Modeling: Electric Circuits




RLC Circuit

e Figure 61 shows aRL C-circuit, as it occurs as a
basic building block of large electric networks in
computers and elsewhere.

 An RLGC-circuit is obtained from aRL-circuit by
adding a capacitor. Recall Example 2 onRhecircuit
In Sec. 1.5: The model of th&-circuit isLI’ + Rl =
E(t). It was obtained bi{VL (Kirchhoff’s Voltage
Law)* by equating the voltage drops across thestesi
and the inductor to the EMF (electromotive force).

e *Kirchhoff’'s Current Law (KCL) : At any point of a
circuit, the sum of the inflowing currents is eqt@mthe
sum of the outflowing currents.




RLC Circult

 Hence we obtain the model of tR&C-circuit simply by
adding the voltage drop/C across the capacitor. Hefe,
F(farads) is the capacitance of the capadaroulombs is
the charge on the capacitor, related to the current by

=99 Qu= 1w

Cdt
R§ L

S—t
E(t) = Eo sin ot

Fig. 61. RLC-circuit

Name Symbol Notation Unit Voltage Drop
Ohm’s Resistor _'V\/V\/— R Ohm’s Resistance ohms ({)) RI
Inductor W L Inductance henrys (H) L %
Capacitor H I— C Capacitance farads (F) Q/C

Fig. 62. Elements in an RLC-circuit —/



RLC Circuit

()  LI'+RI+L[Idt=E(t) = Eysinwt

 This Is an “integro-differential equation.” To get rid of the
Integral, we differentiate (1) with respecttiabtaining
(1) LI"+ RI'+ 11 = E'(t) = Eyw cos wt

e This shows that the current in Rb.C-circuit is obtained as
the solution of this nonhomogeneous second-order ODE (1)
with constant coefficients. In connection with initial value
problems, we shall occasionally use

(17) LQ"+ RQ" +1Q = E(t)
obtained from (1’) and = Q’.

© y




Solving the ODE (1)

 Ageneral solution of (1) is the surx I, + 1, where
l,, 1S a general solution of the homogeneous ODE
corresponding to (1) and is a particular solutib(il.

* We first determiné, by the method of undetermined
coefficients, proceeding as in the previous sectida
substitute

(2) » =acosowt+ bsinwt
' =w(-asinwt + b coswt)
" = w?(—acoswt — b sin wt)

P

p
into (1).




Solving the ODE (1)

e Then we collect the cosine terms and equate them to
E,o coswt on the right, and we equate the sine terms
to zero because there is no sine term on the right,

Lw?(-a) + Rwb + a/C = E w (Cosine terms)
Lw?(-b) + Rw(-a) +b/C =0 (Sine terms).
» Before solving this system farandb, we first

Introduce a combination afandC, called the

reactance

3 SN
() S =wlL —




Solving the ODE (1)

e Dividing the previous two equations by , ordgrin
them, and substituting§gives
—Sa + Rb = Ej
—Ra — S5b=0
We now eliminatdo by multiplying the first equation
by Sand the second iy, and adding. Then we
eliminatea by multiplying the first equation big and
the second byS; and adding. This gives
— (8% + R*)a = E,S
(R* + S*)b = EyR




Solving the ODE (1)

e We can solve foa andb,
. —EyS  ER
(4) TRt S A TG
e Equation (2) with coefficienta andb given by (4) is
the desired particular solutiopof the

nonhomogeneous ODE (1) governing the curkemt
an RLC-circuit with sinusoidal electromotive force.




Solving the ODE (1)

* Using (4), we can writg, in terms of “physically visible”
quantities, namely, amplitudgand phase lag of the
current behind the EMF, that is,

(5) 1,(t) = 1o sin (@t - 6)
where [see (14) in App. A3.1]

EO a
— 2 2 — - —— =
Iy =+vVa*+b NG tan @ 7

33| W

e The quantity/R% + S? is called thenpedance Our
formula shows that the impedance equals the Egtlg.
This is somewhat analogousEd = R (Ohm’s law), and

because of this analogy, the impedance is also known as t

apparent resistance.

/

he



Solving the ODE (1)

e A general solution of the homogeneous equation
corresponding to (1) is

I, = creMt + coett

where/, andA, are the roots of the characteristic

equation R 1

2
=
Nt At




Solving the ODE (1)

e We can write these roots in the foig~ —o + S and
o, = —o — f, where

R AL
— — 2 _
“To57 b= \/4L2 \/R C

 Now in an actual circuiRis never zero (hende > 0).
From this it follows that, approaches zero, theoretically
t — oo, as but practically after a relatively short time.
Hence the transient current |, + | , tends to the steady-
state current,, and after some tlme the output will
practically be a harmonic oscillation, which is given by (5)
and whose frequency is that of the input (of the
electromotive force).




Example: RLCCircuit

e Find the currentk(t) in an RLCcircuit with R = 11
(ohms),L = 0.1 H(henry)C=102 F (farad), which is
connected to a source of EMF
E(t) = 110sin(60 - 27t) = 110sin 377t (hence 60 Hz = 60
cycles/sec). Assume that current and capacitogehar
are O whent = 0.




Example: RLCCircuit

e Step 1. General solution of the homogeneous ODE.
SubstitutingR, L, C and the derivativ&’(t) into (1),
we obtain
0.11" + 111" 4+ 1001 = 100 - 377 cos 377t
Hence the homogeneous ODENI$I” + 111" + 100] = 0
Its characteristic equation is
0.12% + 11X + 100 = 0
Theroots are\, = -10 ang= —-100 The
corresponding general solution of the homogeneous
ODE is

]h(t) = 616_10t + 626_100t




Example: RLCCircuit

e Step 2. Particular solution,  of (1). We calteldne
reactancé&=37.7-0.3=37.4 and the steady-state curren
I,(t) = acos 377t + bsin 377t

with coefficients obtained from (4) (and rounded)
—100 - 37.4 110 - 11

SRR TEIE el 112 + 37.42

Hence in our present case, a general solutioneof th

nonhomogeneous ODE(1) is
(6) I(t) = cie7 % 4 e 0% — 271 cos 377t + 0.796 sin 3771

= 0.796

t



(7)

Example: RLCCircuit

e Step 3. Particular solution satisfying the initial

conditions. How to us®(0)=0? We finally determine
c, andc, from the initial condition$(0) = 0 andQ(0) =
0. From the first condition and (6) we have
I0)=c1+¢c—271=0 co =271 — ¢
We turn toQ(0) = 0. The integral in (1) equals/dt = Q(t)
Hence fort = 0, EqQ. (1’) becomes
LI'O)=R-0=0 r'0)=0
Differentiating (6) and setting= 0, we thus obtain
I'(0) = —10¢; — 100¢5 + 0+ 0.796 - 377 = 0
by (7), 10c¢; = 100(2.71 — ¢;) — 300.1




Example: RLCCircuit

e The solution of this and (7) §=-0.323,c,=3.033.
Hence the answer Is
I(t) = —0.323e 1% 4 3.033¢ 7100 — 2,71 cos 377t + 0.796 sin 377t

» Figure 63 show#(t) as well ad |(t), which practically
coincide, except for a very short time nesl because
the exponential terms go to zero very rapidly. Thus
after a very short time the current will practigall
execute harmonic oscillations of the input freqyenc
60 Hz. Its maximum amplitude and phase lag can be

seen from (5), which here takes the form
L(t) = 2.824sin(377t — 1.29)




Example: RLCCircuit

Fig. 63. Transient (upper curve) and steady-state currents in Example 1
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Analogy of Electrical and Mechanical

Quantities

e Entirely different physical or other systems may have
the same mathematical model. For instance, we have
seen this from the various applications of the GDE
Ky in Chap. 1. Another impressive demonstration of
this unifying power of mathematicsis given by the
ODE (1) for an electri®kLC-circuit and the ODE (2) in
the last section for a mass—spring system. Both
equations

1
LI"+ RI' + 6[ — Fywcoswt and my” + ¢y + ky = Fy cos wt

are of the same form.




Analogy of Electrical and Mechanical
Quantities

e Table 2.2 shows the analogy between the various

~

guantities involved. The inductancecorresponds to
the massnand, indeed, an inductor opposes a change
In current, having an “inertia effect” similar toat of a
mass. The resistanéecorresponds to the damping

constant, and a resistor causes loss of energy, just a:
a damping dashpot does. And so on.

This analogy istrictly quantitative in the sense that to
a given mechanical system we can construct amrelect
circuit whose current will give the exact valuegiod

displacement in the mechanical system when suitable

scale factors are introduced.

A3 >4

—~

/
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Analogy of Electrical and Mechanical

Quantities

e Thepractical importance of this analogy is almost
obvious. The analogy may be used for constructmg a
“electrical model” of a given mechanical model,
resulting in substantial savings of time and money
because electric circuits are easy to assemble, and
electric quantities can be measured much more tyuick
and accurately than mechanical ones.




Analogy of Electrical and Mechanical
Quantities

Table 2.2 Analogy of Electrical and Mechanical Quantities

Electrical System Mechanical System
Inductance L Mass m
Resistance R Damping constant ¢
Reciprocal 1/C of capacitance Spring modulus &

Derivative Eqw cOS wt of .
0 } Driving force Fycos wt

electromotive force
Current 1(¢) Displacement y()

~




2.10 Solution by Variation of
Parameters
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Solution by Variation of Parameters

e We continue our discussion of nonhomogeneous |IQEHES,
that is

(1) y'+ p(Xy + alx)y = r(x).

* To obtainy,whenr(x) is not too complicated, we can often use
themethod of undetermined coefficieri®wever, since this
method is restricted to function&) whose derivatives are of a
form similar tor(x) itself (powers, exponential functions, etc.), it
IS desirable to have a method valid for more géneixEs (1),
which we shall now develop.

e Itis called themethod of variation of parametersand is
credited to Lagrange (Sec. 2.1). Hpre, rin (1) may be
variable (given functions of), but we assume that they are
continuous on some open interval




~

Solution by Variation of Parameters

 Lagrange’s method gives a particular solutpof (1)
onl in the form

(2) yp(x) = —ylfy%‘;dw + ygfy%/‘;dx
wherey,, Y, form a basis of solutions of the
corresponding homogeneous ODE

(3) y'+ p(x)y +a(x)y =0
onl, andWis the Wronskian of,, ..

(4) W =vy,y," = V., (see Sec. 2.6).
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Solution by Variation of Parameters

e CAUTION! The solution formula (2) is obtained under
the assumption that the ODE is written in standard
form, withy” as the first term as shown in (1). If it
starts withf(x)y”, divide first by f(x).

e The integration in (2) may often cause difficulfiaad
so may the determination @f, y, if (1) has variable
coefficients. If you have a choice, use the prewiou
method. It is simpler.

Yar yir
(2) yp(T) = _ylfwdx + y2fﬁd$
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Example: Method of Variation of

Parameters (@) W)=y [ Trde+y [Loda

e Solve the nonhomogeneous ODE
1

COS T

y' +y=secr =

o Solution. A basis of solutions of the homogeneous
ODE on any interval ig, = cosx, Y, = sinx. This
gives the Wronskian

W(y,, ¥,) = coSX cosX — sinX (—sinx) = 1.

 From (2), choosing zero constants of integratiom, w
get the particular solution of the given ODE

: . i —cosx | sinx sec xdx
Y, = —cosx [ sinxsecxdr +sinx [ cosxsecxds /s

—=cosxIn|cosz| + zsinx - =cosw [ du

I

' =cosxln|cos x|

I .

' u = cosx,du = —sinxzdr




Example: Method of Variation of
Parameters

» Figure 70 showsg, and its first term, which is small, so
thatx sin x essentially determines the shape of the
curve ofy,. Fromy,and the general solutigh = ¢y,

+ c,y, of the homogeneous ODE we obtain thewaer

Y =¥h+ Y, = (C + Injcosx|) cosx + (c, + X) sinx.
e Had we included integration constants,<€, in (2),
then (2) would have given the additiocgtosx +
C,SinX = c,y; + CY,, that is, a general solution of the

given ODE directly from (2). This will always beeth
case.




Example: Method of Variation of
Parameters

- 2 4 6 8 10 12 «x

_10 |-

Fig. 70. Particular solution y, and its first term in Example 1
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(2) yplz) = _ylfyim;dﬂi -|—y2de:13
Derivation of (2)

* The idea Is to start from a general solution
yn(z) = cryi(z) + coppa(a)
of the homogeneous ODE (3) on an open intdraald
to replace the constartsandc, by functionsu(x) and
V(X); this suggests the name of the method. We shall
determinau andv so that the resulting function
(5) ypl) = ulz)yi(x) + vz)ya(x)
IS a particular solution of the nonhomogeneous ODE
(1). Note that,, exists by Theorem 3 in Sec. 2.6

because of continuity gfandgonl.




(5) wpl) = ulw)y(z) + v(w)ys(e)
Derivation of (2)

e We determinel andv by substituting (5) and its

derivatives into (1). Differentiating (5), we olal
Y, = Wy +uy; + vy + vys

Nowy, must satisfy (1). This is one condition for two
functionsu andv. It seems plausible that we may
Impose a second condition. Indeed, our calculaidin
show that we can determineandv such thay,
satisfies (1) and andv satisfy as a second condition
the equation

(6) u'yr + vy =0




Derivation of (2)

» This reduces the first derivatiyg to the simpler form

(7) Yp = Uy + VY
Differentiating (7), we obtain
(8) Y, = u'yy +uy] +u'yh + vys

We now substitutg, and its derivatives according to
(5), (7), (8) into (1). Collecting terms tnand terms in
V, we obtain
u(yl +pyr + qyn) + oYy + pys + que) +u'yy +u'yy =
Sincey, andy, are solutions of the homogeneous ODE
(3), this reduces to
u'y Uy, =7

(9a)




©

Derivation of (2)

e Equation (6) is
(9b) Wy + 'y =0

~

(92) u'y +v'yp =7

This is a linear system of two algebraic equatfons
the unknown functiong’ andv'. We can solve it by
elimination as follows. To eliminaté, we multiply
(9a) by ¥, and (9b) byy,” and add, obtaining

u' (Y — o) = —yor

WW = —yor

Here,Wis the Wronskian (4) of,, y,. To eliminateu’
we multiply (9a) byy,, and (9b) by v’ and add,

obtaining
V(s — py)) = —uir

VW =1




Derivation of (2)

e Sincey,, Y, form a basis, we haw® #0  (by Theorem
2 In Sec. 2.6) and can divide 1y,

o o

(10) u' = 7 v =5
By integration,
__ _ 97
u=— | de v= | de

These integrals exist becaugg) is continuous.
Inserting them into (5) gives (2) and completes the

derivation. (5) yy(x) = u(@)yi(z) + v(x)ya(z)

Yor yr
2 ylx)=—y [ ==dx +ys [ —da
™ ( ) p f W f W




Summary of Chapter 2
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Summary

e Second-order linear ODEs are particularly important in
applications, for instance, in mechanics (Secs. 2.4, 2.8) ar
electrical engineering (Sec. 2.9). A second-order ODE is
calledlinear if it can be written

(1) y' + p(x)y + a(x)y =r(x) (Sec. 2.1).

o (If the first term is, sayf(x)y”, divide byf(x) to get the
“standard form” (1) with y” as the first term.) Equation (1)
IS calledhomogeneousf r(x) is zero for allk considered,
usually in some open interval, this is writteg 0. Then

(2) y'+ p(¥)y +a(x)y =0
e Equation (1) is calledonhomogeneou# r(x) =0
(meaning(X) is not zero for some considered).




Summary

e For the homogeneous ODE (2) we have the important
superposition principle (Sec. 2.1) that a linear
combinationy = ky,; + ly, of two solutionsy,, Y, is again a
solution.

e Two linearly independergolutionsy,, y, of (2) on an open
Intervall form abasis(or fundamental systen) of
solutions orl, andy = c,y; + C,y, with arbitrary constants
C., C, ageneral solutionof (2) onl. From it we obtain a
particular solution if we specify numeric values (numbers)
for c, andc,, usually by prescribing twmitial conditions
() Y(X) =Ko Y(X) =K,
Xo Koy K given numbers; Sec. 2.1).
(2) and (3) together form anitial value problem.
Similarly for (1) and (3).

L y




Summary

e For a nonhomogeneous ODE (1general solutionis of
the form

(4) Y=Yt Y (Sec. 2.7).
* Herey, is a general solution of (2) ayglis a particular
solutlon of (1). Such @,can be determined by a general
method Variation of parameters, Sec. 2.10) or in many
practical cases by thmethod of undetermined coefficients.
The latter applies when (1) has constant coefficigiaisd
g, andr(X) is a power ok, sine, cosine, etc. (Sec. 2.7).
Then we write (1) as

(5) Yy’ + ay + by =r(X) (Sec. 2.7).

e The corresponding homogeneous OPE ay + by =0
has solutiony = e*where/ is a root of

(6) J>+al+b=0.




Summary
e Hence there are three cases (Sec. 2.2):
Case Type of Roots General Solution
I Distinct real Ay, As y = cre™M’ + coe?
I1 Double —%a y=(c + czx)e—a"”/ 2
111 Complex —3a * iw* y = e~ %2(A cos w*x + B sin w*x)

e Herew™* Is used since IS needed in driving forces.

e Important applications of (5) in mechanical and
electrical engineering in connection witirations
andresonance are discussed in Secs. 2.4, 2.7, and 2.8.

o y




Summary

* Another large class of ODEs solvable “algebraically
consists of th&uler—Cauchy equations

(7) x2y"+axy+by=0 (Sec. 2.5).

* These have solutions of the fognx x™, wheremis a
solution of the auxiliary equation

(8) n+@-1m+b=0.

e EXistence and uniqueness of solutions of (1) and (2)

IS discussed In Secs. 2.6 and 2.7, isaudction of
order in Sec. 2.1.




