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Review of Complex Numbers
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e Using Euler’s famous formula for the complex exponential

el = cosf + jsin 6
z=red? =rcosh + jrsind
* The complex exponential polar form of a complex number
IS most convenient when calculating a complex
multiplication or division. (see Appendix A)
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Complex Exponential Signals

 The complex exponential signal is defined as
2(t) = Ael@oltd)
e |It's a complex-valued function of where the
magnitude off(t) is [g(t)|=A and the angle df(t) is
arg z(t) = (wot + @)

e Using Euler’s formul

z(t) = Aeltto) el = cosf + jsinb

= Acos(wpt + @) + jAsin(wpt + @)

e The real part is a real cosine signal as defined
previously.
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Complex Exponential Signals

e Example:

2(t) = 20/ (2r(40)1-04)

sin(wot + @) = cos(wot + ¢ — m/2)

— 9()eJ (80mt—0.4m)
= 20 cos(80mt — 0.47) 4+ 720 sin (807t — 0.47)
= 20 cos(807t — 0.47) + 520 cos(807t — 0.97)
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Complex Exponential Signals

e The main reason we are interested in the complex
exponential signal is that it is an alternative
representation for the real cosine signal.

2(t) = Re{ Ae/ 0N = A cos(wot + ¢
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The Rotating Phasor Interpretation

 When two complex numbers are multiplied, it's est
use the polar form:
Z1 = rlejel Zo9 = Tgeje?

. . o | \
23 = 2129 = 1169003 = piroeihel® = ppyed(ith)

* We multiply the magnitudes and add the angles.

e This geometric view of complex multiplication lec
to a useful interpretation of the complex exporanti
signal as a complex pomia p3miz)
vector that rotates as
time increases.

0> 163
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Ne{z} Ne{z}
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The Rotating Phasor Interpretation

e Define the complex number
X = Ael?
o Then z(t) = Ae?@t+o) . 4(t) = X!

e Z(t) Is the product of the complex numbéand the
complex-valued time functiogi«v

e X, which is called thicomplex amplitude, is a polal
representation created from th@plitude and the
phase shift of the complex exponential signal. The
complex amplitude is also calledlaasor (4p & ,4p = ).
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The Rotating Phasor Interpretation

z(t) = X edwot — Apidpiwit — Apif(t)
9<t> = Wyt + q5

e Z(t) Is a complex number whose magnitudé esnd
whose argument i$(¢)

e 2(t) can be represented as a vector in the complee

e The vector always lies on the perimeter of a ciotle
radiusA. Ast increasesz(t) will rotate at a constant
rate, determined by,
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The Rotating Phasor Interpretation

Z( ) Xe]w()t A€]¢€jw0t Ae]e( )

e Multiplying the phasoX by ¢/« causes the fixed
phasorX to rotate.

: wont :
e Sincele’”| =1 | no scaling occurs.
e Another name for the complex exponentialasating
phasor.
X = Ael?
iz} —\3m{z)
<1 engt
23
20
\‘ >
Ne{z} Ne(z}
(a) (b)
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The Rotating Phasor Interpretation

e If the frequencyw, Is positive, the directidn o
rotation is counterclockwise, because will
Increase with increasing time.

e Rotating phasors are said to hgasitive frequency If
they rotate counterclockwise, anegative frequency if
they rotate clockwise

» Arotating phasor makes one complete revolution
every time the anglé(t) changeshy  arasli

e The phase shift defines where the phasor is pointing
whent=0

2(t) = Xelt = Aeldei«t = Aeif)
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The Rotating Phasor Interpretation

Complex Plane Complex Plane
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The Rotating Phasor Interpretation

e Demo

Rotating Phasor
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Inverse Euler Formulas

o= ze T = ;7.6 ! (see Appendix A for detai
e (Wit+0) 4 o—j(wot+0) X = Ae*
Acos(wot + ¢) = A ( 5 ) X — Aoit
— %Xejwot i %X*e—jwot —
= La(t) + 1) 2(t) = Xel
= Re{z(t)} * denotes complex conjugation,*(¢) = X *e~J«o!

The real cosine signal is actually composed oftommplex exponential signals;
one with positive frequencyy ) and the oth#h negative frequency
(—wo ).

It can be represented as the sum of two complatimgtphasors that are
complex conjugates of each other.

The real sine signal is also composed of two cormgkponential, see Exercise
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Inverse Euler Formulas
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Phasor Addition

e There are many situations in which it's necessary t
add two or more sinusoidal signals.

 Now we add several sinusoids having the same
frequency, but withdifferent amplitudes and phases.

e A sum ofN cosine signals of different amplitudes and
phase shifts, but with the same frequency, can alwa
reduced to a single cosine signal of the same frequency,

25:1 Aj. cos(wot + @) = A cos(wot + @)
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PhaSOr AddItIOn cos(a 4+ B) = cosa.cos 3 — sin asin 3

S A cos(wot + ¢r) = A cos(wit + ¢)
Ay cos(wot + @) = Ag cos ¢y cos(wpt) — Aj sin ¢y sin(wyt)

EXERCISE 2.8: Use (2.20) to show that the sum

1.7 cos(20mt + 70/ 180) + 1.9 cos(20r + 200 /180)

reduces to A cos(20zt | ¢), where

A = {[1.7 cos(707 /180) — 1.9¢0s(2007/180)]°

+ [1.7 5in (7071 /180) + 1.95in(2007/180)]%}'/2

= 1.532

and

1.7 sin(70m/180) + 1.9 8in(2007 /180)

= tan™!
¢ =tan i 1.7 cos(707/180) + 1.9 cos (2007 /180)
— 141.797/180 = 2.475 rads.

The value of ¢, given in radians, corresponds to 141.79°,

|




Addition of Complex Numbers

A %m{Z}
22=2+j5 Displaced
Version of z;
<
&
B
?ésﬂ 23=04g

_ >
Real Axis Ne{z)

z71=4—-j3
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Phasor Addition Rule Yo |7

X,

Sy Ag cos(wot + ¢g) = Acos(wot + ¢)

Zivzl Apelo = Ael? e.gA1 eXle + A, eij¢2 = )2 + A).(? = X3 = Ael?

: : _ _ complex amplitude
e Any sinusoid can be written in the form:

A COS(UJQt -+ gb) = %Q{A@j<w0t+¢)} — %Q{Aejﬁbejwot}

e For any set of complex numbex,} the sum of the
real parts is equal to the real part of the sumyao
have

Re YL, X f = L, Ref X}
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Phasor Addition Rule
ST Ay cos(wot + )

= 3 Re{ Apel(ntton)}

— me{zj;j:l Akejcbkejwot}

— f)f{e{ (Z]kzvzl Ak€j¢k> engt}
= Re{(Ael?)el!}
— %Q{A€j<w0t+¢)}

= A cos(wpt + ¢)
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Example

r1(t) = 1.7 cos(20mt + 707 /180 To(t) = 1.9 cos(20mt + 2007 /180

x3(t) = x1(t) + xo(t) = 1.532 cos(20mt + 141.797 /180
The frequency is 10 Hz, Phasor Vectors
so the period i13,=0.1 :
Sec. —O.i05 (I) O.i05 Ojl 0.i15 0i2
_ 9To
by = ————
21
tml - '00194 Phasor Addition ; : | , : :
t.p,=-0.0556 SR 0.05 0 0.05 0.1 0.15 0.2

-0.05 0 0.05 0.1 0.15 0.2
Time ¢ (sec)

(a) (b)
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r1(t) = 1.7 cos(20mt + 707 /180

Exam ple 2o(t) = 1.9 cos(20mt + 2007 /180)

* (a) Represent,(t) andx,(t) by the phasors:
Xq = Ayl = 1.7e0707/180 X0 = Aoeidr = 1.9e/200m/180

e (b) Convert both phasors to rectangular form:
X, = 0.5814 + j1.597 X, = —1.785 — 50.6498

e (c) Add the real parts and the imaginary parts:

X35 = X1 + Xo = (0.5814 + 51.597) + (—1.785 — j0.6498’
— —1.204 + j0.9476

e (d) Convert back to polar form, obtaining
Xa = 1 5397 141.797/18C

e The final formula forx,(t) is
x3(t) = 1.532 cos(20mt + 141.797 /180
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Summary of the Phasor Addition Rule
SO A cos(wot + ) = A cos(wot + @)
e (a) Obtain the phasor representatian= 4,¢% of

each of the individual signals

* (b) Add the phasors of the individual signhals to get
X=X +X,+---=Ae¢ | This requires polar-to-
Cartesia-to polar format conversion

* (c) Multiply Xby ¢t to get(+) = Aeideiont
e (d) Take the real part to get

o N oA t+

1(t) = Ref Aeie '} ey
= Acos(wot + ¢) = x1(t) + xo(t) + - - = %e{zﬁil Akeﬂ”“ej“‘)t}
_ 9%{ (Z’“Nzl Akejask) ejwot}
= Re{(Ae’?)elw0t}

= i)f{e{AeJ(wot+¢)}

DSP, CSIE, CCU = Acos(wot + @)
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Homework 1

e Exercises 2.7, 2.9, 2.14, 2.16
e Hand over your homework at the class of Mar. 8
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Spectrum {E5Z)

e Spectrum: a compact representation of the frequency
content of a signal that is composed of sinusoids.

e We will show how more complicated waveforms can
be constructed out of sums of sinusoidal signals of
different amplitudes, phases, and frequencies.

e Asignal is created by adding a constant N
SINUSOIAS,: (1) = Ay + S| Ay cos(27 fit + o)

* Such a signal may be represented in terms of the
complex amplitudez(t) = X, + S Re{ Xje >t}

X = Ak€j¢k
X = A
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Spectrum

x(t) = Xo + Z]kvzl Re{ X e/ 2m/it} sl — e’ +er9

e By using inverse Euler formula X, — Aol
z(t) = Xy + ka\f_l{)gk J2mfit %e—ﬂwﬁgt} X} = Ae I

e The real part of a complex number is equal tc-half
the sum of that number and its complex conjugate.

e Each sinusoid in the sum decomposes into two ngjati
phasors, one with positive frequengy, , dsdt
other with negative frequency, f,
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Spectrum

e Two-sided spectrum of a signal composed of singsoid

asS
X X
n(t) = Xo+ DA, { Sttt + Shemionit |

e Set of pairs
{<07 X(J)v (flv %X1>7 (_f17 %Xf)a T (fkv %Xk>7 <_fk7 %Xék)}
e Each pair indicates the size and relative phasieeof
sinusoidal component contributing at frequemicy

 Frequency-domain representation of the signal
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/ 6j(2007ﬂ$—7r/3) + 6—j(2007rt—7r/3))

Exam ple 14 cos(2007t — w/3) = 14 * ( 5

_ 76—j7r/36j2007rt 4+ 7€j7r/3€—j2007rt

z(t) = 10 + 14 cos(200mt — 7 /3) + 8 cos(5007t + 7/2)
e Apply inverse Euler formula

r(t) =10 + Te—Im/3ei2m(100)t | 7pim/3 =52 (100)1

4+ 4€j7r/2€j27r(250)t 4+ 4€—j7r/2€—j27r(250)t

e The constant component of the signal, often cahled
DC component, can be expressed &%/ = 10

» The spectrum of the signal is represented by

{(0,10), (100, 7Te=7™/3), (=100, 7e™/3), (250, 4€I™/?), (—250, 4e~9™/2)}

@ DSP, CSIE, CCU
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Notation Change

e Introduce a new symbol for the complex amplitude In

A for kK =0

%Akem’f — %Xk for k # 0

the spectrum
ap — {

e The spectrum Is the set df, (@) pairs
* Definef, = 0. Now we can rewrit

X Xr
n(t) = Xo+ S0 { Sheirht 4 Skemsnhit]

= z(t) = Zg:_]v aje’* I X, = Apel®
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Graphical Plot of the Spectrum

e Spectrum plot of

IL‘(t) — 10+ 7€—j7r/36j27r(100)t 4+ 7€j7r/3€—j27r(100)t

+ 4€j7r/2€j27r(250)t + 4€—j7r/2€—j27r(250)t

z(t) = 10 4+ 14 cos(200mt — 7 /3) 4+ 8 cos(5007t + 7/2)

~

{(0,10), (100, 7e=7™/3), (=100, 7eI™/3), (250, 4eI™/?), (—250, 4e~I™/2)}

e This plot shows the relative location of the frequencies, an

the relative ampl

itudes of the sinusoidal compor

e The rotating phasors with positive and negative frequency

must combine to

form a real signal

| 70i7/3 10 Fo—in/3 |
be=im/2 4eim/?
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Spectrum

e A general procedure for computing and plotting the
spectrum for an arbitrarily chosen signal requihes
study ofFourier analysis.

e If it's known a priori that a signal is composedaof
finite number of sinusoidal components, the prooéss
analyzing that signal to find itpectral components
Involves writing an equation for the signal in fhem
of

X . XF
n(t) = Xo+ o0, { Shernhit 4 Shemiznhit

and picking off the amplitude, phase, and frequeaicy
each of its rotating phasor components
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