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Relation to The Impulse Response

* In the IIR case, we need to take theansform of an
Infinitely long sequence to obtain the system figrct

» Considerp[n] = a™uln] X(z) =Y zln)e
H(z) =3 "ga"2" =37 (az"")" | p. 165, property (7.15)

o If [az7!] <1, then the sum is finite, andfaat is given
by the close-form exprelssio
H(z) =) ga"z"" = 1 _ 1

e The condition for the infinite sum to equal thesad-

form expression can be expressedpsz This
condition is called thesgion of convergence.
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Relation to The Impulse Response
2 1

1 —az—1

e Example:
yn| = a1y|n — 1] + bpz|n| + bizn — 1
h[n] = by(ar) u[n] + by(a)” tun — 1]

e Using the linearity property and delay propertyuod
z-transform

~

1 1
H(z) = b bz~
(Z) 01 — a12_1 + 012 1 _ &12_1
by + blz_l
T a2 The same as the one we obtained in p. 205
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Summary of The Method

e |t's possible to go from the difference equatioredily
to the system function

e It's possible by taking the inverse z-transforngto
directly from the system function to the impulse
response.

e |t's possible to do this by a process of invel-
transformation based on breaking the z-transfotm Iin

a sum of terms like_ !
1 —az—1
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Poles and Zeros

e For a system function, the zero locations in the
complexz-plane are very important for characterizing
the system.

e |t's probably better for finding roots to rewritiet
polynomials as functions afrather thare?.

B by + blz“l B byz + by

H(z) =
1 —az71 2 — aq _
b, Zero of the function H(z)
bOZ —+ bl = O — ROOt at z = _b_o H<Z>‘Z:—(bl/bo) — O
z— a1 =0 = Root at z = a Pole of the function H(z)

H(2)|,—q, — 00
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Exercise

EXERCISE 8.9: Find the poles and zeros of the following z-transform system function

34477!
H@ =105
| + £z

MuH—n’Pfj numeaator amd denomivator by Z

21+ ‘o

Nuwmeratrw root: 3Z+4=0
z=-4

3
ra"" "4/3 (ZE-J'D) ]
.De.gmin-zlm Aoot' zt+l=0c
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Poles or Zeros at The Origin or Infinity

e The number of poles equals the number of zeros.
« Consideryn] = 0.5y[n — 1] + 2z[n

H() 2%

— H p—
05T ™ 2 =05

We see that there is one pole=.5 and a zero at0.
e Considel y[n] =0.5y[n — 1]+ 3zn — 1
327! 3
) =05~ 705
The system has one pole at z = 0.5.
If we take the lImitoH(z) as; — « , we géf(z) — 0
Thus, it also has one zerozat oo
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Pole Locations and Stability

e The pole location of a first-order filter determsne
shape of the impulse response.

H(z) :bo( : ) +b1z_1< : )

1l — a2z} 1l — a2z}

B by + b12_1 B bo(Z + b1/bo>

1 —az ! 2 — a

has an impulse response
hin] = by(ar)) uln] + by(a;)" tuln — 1]
(0 for n <0
= q by forn =0
(bo + braj Nat forn > 1
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Pole Locations and Stability

* An IIR system with a single pole &ta, has an
Impulse response that is proportionaldo  nfor 1

* \We see that ifg|<1, the impulse response will die out
asn — oo

e If |a;| > 1 , the Impulse response will nag dut; in
factif [a,|>1, it will grow without bounc

e Since the pole of the system function iz=d,, we see

that the location of the pole can tell us whether t
Impulse response will decay or grow.
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Pole Locations and Stability

e Systems that produce bounded outputs when the inpt
IS bounded are callesiable systems. If |a,|<1, the pole
of the system function isiside the unit circle of the-
plane.

A causal LTI IR system with initial rest conditisms
stable if all of the poles of its system functianstrictly
Inside the unit circle of theplane.

e Thus, stability of a system can be seen at a glaooe
a z-plane plot of the poles and zeros of the system
function.

@ DSP, CSIE, CCU
8 /




Example

B 1 — 2271 B z— 2
108zt z-0.18

e Has a zero &= 2 and a pole &= 0.8. Therefore, the
system is stable.

* Recall that the zeros correspond to an FIR system that is in
cascade with an |IR system defined by the poles. Sinc:
systems are always stable, it is not surprising that stability
IS determined solely by the poles of the system function. (p.
206)

H(z)

Feed-Forward Part Feedback Part
B(z) 1
A(2)
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Frequency Response of an IIR FiIt(;r

» Recall the frequency response of FIR systems

o If the input z[n] = e“" |, them[n] = H(e/¥)el"

* Relate to the system function
H(e™) = H(z)|.—c

e The relation between the system function and the
frequency response also holds for IIR syste
However, we must add the provision that the system

must be stable in order for the frequency resptmse
exist.
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Frequency Response of an IIR FiIt(;r

e Recall that the system function for the generatir
order IIR system has the form

by + blz_l
H<Z> B 1 — a12—1
where the region of convergence of the system
functionis |a;z7! <1 o] < |2

e If we wish to evaluatél(2) for = = /¥ , then the
values ofz on the unit circle should be in the region of
convergence; I.e., we requig{l to be in the region
of convergence of thetransform.
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Frequency Response of an IIR FiIt(;r

by + ble_j‘:’
1 —ae v
e It's a periodic function with a period equalio

e We can reduce this equation to two separate real formulas
for the magnitude and the phase as functions of frequency.

e For magnitude response, it's expedient to comput
magnitude squared first, and then take a square root if
necessary. |p(ei4)2 = H(e/)H*(e/)

b+ bie ¥ b+ brete

T l—ae ¥ 1—aletiv

|bol® 4 [b1|* + bobjet + bibreI*
1+ a]? - atet® — eI
bol? + 01|+ 2Re{bjbre <}

DSP, CSIE, CCU 1+ a1|* — 2Re{ae ¥}
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Frequency Response of an IIR FiIt(;r

e This derivation does not assume that the filter
coefficients are real. If the coefficients werel reze
would get the further simplification

- bo|* + b1 + 2byby cos(w)
14 |ay]? — 2a, cos(w)

* The phase response Is even messier. Arctangentd
be used to extract the angles of the numerator and
denominator, and then the two phases would be
subtracted. o o
o) :tan_l( —bysinw )—tan_l( a1 Sin w )

by + by cosw 1 — ajcosw

|[H{(e)
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Frequency Response Using Matlab

e |n Matlab, the frequency response is evaluated aner

equally spaced gird in the

domain, and th&n it

magnitude and phase can be plotted.
e Considery[n] = 0.8y[n — 1] + 2z[n] + 2z[n — 1

= yn| - 08yln —1] =22
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n] 4+ 2xn — 1

son Prentice Hall, Inc. Upps:f Saddle River, NJ 07458. © 2003




N
Frequency Response Using Matlab

e For this system, the system
function is 2+ 2271
H(z) = + 22
1 —0.8271

e Apole atz= 0.8, and a zero at=

. . n 15
z=—1=¢e"=¢eY,_, |H @) 19
e Thus, H(e/*) has the value z
atw=m , sinckl(2) is zero
atz=-1.

[ H(el®)

3n .TL' ;
- —JT ) 0

7 T3
Frequency (®)
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Frequency Response Using Matlab

* H(2) blows up atz = 0.8, the nearby points on the unit
circle must have large values.

 The closest point on the unit circle isat ¢/’ = 1
In this case, we can evaluate the frequency respons
directly from the formula to get

" B
H(e™)| = H(z)
w=0 z=1
—1
2+ 2z 50
1 —0.8z711:=1
T
2
Frequency (@)
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ThreeDimensional Plot

e Consider the system functioH (z) :1 018 7 ﬁi{g Ztéfgg
— 0.5z~ -V

* The pole (at z = 0.8) creates a large peak that makes all
nearby values very large.

e Most rapid transitionab =0 , whichas 1 (the closest
point on the unit circle to the pole at z = |

z-transform evaluated over

a region of the z-plane Phase of H(z)
Including the unit circle ]

12 |
10




ThreeDimensional Plot

 The frequency respons# (e/*)
selecting the values &f(z) along the unit circle.
» The pole ar=0.8 pushes (/)

w =0 , which Is the same

e The unit circle values folic
the ups and downs H(2)
as w goes fromnm tow
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Three Domains

e For the second-order case
y[n] = aryin — 1] + asyn — 2] + bpz|n] + bizjn — 1] + box[n — 2|

e This equation provides the algorithm for computing
the output signal from the input signal by iteratio
using the filter coefficientgai, a2, by, b1, b2} . It also
defines the impulse resporh[n].

» System functiony ) _ by + bz + by

1 — a1z~ — agz=2

& %
o Frequency responsg(z) = by bie "+ bue

1 — a1e77% — ape=I2
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Three Domains

e The shapes of the passbands and stopbands of the
frequency response are highly dependent on the pole

and zero locations.

e The character of the impulse response can be ddiate

the pOleS. Poles and
] . H(7) Zeros
e Gettingh[n] directly
from H(2)
{ak, by}
h[n] = > H(el?)

Input-Output Passbands and
Computation Stopbands
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The Inverse ZIransform

e Consider a system function

B by + blz_l

H —
(2) 1 —az7!

e Recall that the-transform of the output of this system
1S Y(2) =H(2)X(2), (Sec. 8-2.4) so one approach to
finding the output for a given inpx[n] is as follows:

e 1. Determine the-transformX(z) of the input signax[n]

e 2. Multiply X(2) by H(2) to getY(2)

e 3. Determine the inversetransform ofY(z) to get the
outputy[n]
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The Inverse ZIransform

* We will derive a general procedure for the inverse
transform

* |In the case of the step response, we see thaighe |
X[n] = u[n]. From (8.27), the-transform ofx[n] = u[n]

i 1
IS X
p—
(2) 1 —2z—1

by + blz_l
(1—az7H(1 —2z71)

* SO Y(2)= H(:)X(2) =

B by + blz_l
l1—(1+a))z"t+ajz2
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The Inverse ZIransform

by + blz_l

V() = HEX(E) = o=

B by + blz_l
1l —(1+a)zl+az2

(] GO baCk to th e]_domaj N byl'uh]i- 8-1: Summary of important z-transform properties and pairs.

Inverse transformation SHORT TABLE OF -TRANSFORMS
e A standard approachisto L Aln] < X(2)
a table of z-transform pairs |1 anll+bxl] <= aXi@)+ X
and simply look up the 2. xln=mo] > X
3. vin] = x[n] * hn] < YD) = H@X©)

answer in the table

4, 8[n] PN 1
5 8ln — ng| FEIN z "o
: 1
6. a'uln] ——
I —az !
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Partial Fraction Expansion

e Usepartial fraction expansion (3% i» 4 3% ;%) of Y(2)

e The technigue is based on the observation that a
rational functionY(z) can be expressed as a sum of
simpler rational functions.

by + blz_l
(1—az7H)(1 —2z71)

Y(2) =H(2)X(2) =

I R
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Partial Fraction Expansion

bo + b1z}
Y(2)=H(z)X(2) =
(2) = HE)X() = g
A
B 1—a1z—1+1—2_1
B b() -+ blz_l B(l — &12_1)
1\ _ _
» Y(2)(1—a1z27) = 110 A+ 1 — -1
B bo + bz} B(l —a;z™1)
_ 1 = — —
» Y(2)1 - az™) v=a; (1 —z71) la=qy At l—z~! S :
-1 —1
B A-Y()(1-aeh| =RERE ) _hthe
=a (=271 l=ar (I—ay")
» B=Y(z)(1—- Z_l) = by + by

z=1 1 — al
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Partial Fraction Expansion

e Using the superposition property (entry 1 in Tabib),
and the exponential z-transform pair (entry 6 ihléa
8-1), we can write down the desired answer as

yln] = (bo + blal_l)a’fu[n] N (bo + bl)u[n}

1 —a;! l —ay

» yin] = ((bo + b1) — (bpai + bl)a?)u[n}

1 — a1
o If we substitute the valug, = 0, we get

1= a
y[n] B b()( 1 — a1 )U[n}
which is the same as (8.16) and (8.18) in Sec48-2.
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A General Procedure for Inverse z-Transformation

e Let X(2) be any rationat-transform of degreB in the
denominator antyl in the numerator. Assuming thiit
<N, we can find the sequenxla| that corresponds to

X(2) by (1 —ppz™")

e 1. Factor the denominator polynomialkdfz) and
express the pole factors inthe formg =12 ... N

e 2. Make a partial fraction expansionkdfz) into a sum
of terms of the form

HE) =Sl A= HE0-pe )

_1 .
i k< Z=Di
e 3. Write down the answer as

hin] = 3" Ac(pe) " uln
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