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Definition of the zTransform

e Afinite- Iength signal
xln] = > wlk]o[n — k

e Theztransform of such a signal is defined by

X(z) = p_qalk]z

e Assume that represents any complex number, izas,
the independent (complex) variable of z-transform
X(2).

e |t's more instructive to write in the form
X(z) = Yo zlk](z")!

0 X§z) IS simply a polynomial of degré¢in the variable
z1.
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Definition of the zTransform

o All that we have to do to obtaiX(z) is to construct a
polynomial whose coefficients are the values of the
sequence[n]. Thek! sequence value is the coefficient
of thek!™ power ofz?!in the polynomialX(z).

e Takingz-transform and inversetransform

n-Domain p  Dormain
(time-Domain) .
xn| = Z‘,]X:nx[k]é[n —k — X(2)= Zflfznx[k]z—k

e z-transform pair
Z
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Example
o Suppose|(n| = d[n — ny

. 2
n-Domain +—

Z

Z-Domain

zn] =d0n—ny +— X(2)

— Z_nU

e Consider the sequengp]

--ﬂ------

x[n] O

X(z)=2+42"1+6272
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Example

e Inversez-Transform

e Consider theX(2) by the equation

X(2)=1-2z"1 43273 -2
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zln] = 0[n] — 20[n — 1] +
30|n — 3] — dn — 5|
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The zTransform and Linear System:

» Recall that the general difference equation of l&h F
filter is y{n] = Y211, byaln —

* In convolution sumy(n| = z[n] * h|n

e Remember that the impulse respoh[n] is identical
to the sequence of difference equation coefficibnts

n_ <0 Jo |1 ]2 .. |[M_|>M
bb .. b, O

hnl 0 by b

Aln] = Y24l bidln — K
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The zTransform and Linear System:

e Let the input to the FIR system be the signal
rin| = 2" for all n
wherezis any complex number.

e The corresponding output signal is
y[n] = > il braln — K]
= 224:0 bz~
— 224:0 bpz"z k= (Zﬁio bkz_k> 2"
e The term inside the parentheses is a polynomiat in

whose form depends on the coefficients of the FIR
filter. It's called thesystem function of the FIR filter.
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The zTransform and Linear System:

e The system function is thetransform of the impulse-
response sequence.

* We define thesystem function of an FIR filter to be
H(z) = Yl bz = 3oL hlk]e ™

The system functioH(2) is the -
transform of the impulse response.

Pln) = > ilobidln — k]« H(z) =Y, bpz "
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The zTransform and Linear System:

e For FIR filters, if the input i1g" for —oo <n < o0
then the corresponding output Is
yln] = hin] x 2" = H(z)z"

e That Is, the result of convolving the sequehjcg with
the sequenc®'is H(z):" , wherfl(z) Is the
transform oih[n]

e The FIR filter difference equation can be transfedm
easily into a polynomial in thedomain simply by
replacing each “delayed t (i.e., x[n-K]) by zX
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Example

e Consider the FIR filter
y|n] = 6xn| — dx[n — 1] + x[n — 2

e Thez-transform system function is
H(z)=6—5z"1+272
(z —3)(z —3)

=B3-zH2-21YH=6

e The zeros oH(z) are 1/3 and 1/2

o The filterw[n] = z[n] — 2z[n — 1]+ tz[n — 2 has a

system function with the same zeros, but the olveral
constant is 1 rather than 6. This simply means that

wln] = yln/6
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Superposition Properties

e Theztransform is a linear transformation.
» Consider the sequencen] = axi|n| + bz [n|
X(z) = 3o y(azi[n] + bas[n])z "
—a > xyn]z "+ b>°D  xy[n]z" superposition property

= aX(z) + bX5(2)

The z-transform s linear

Z

arin] 4+ bxan] «———  aX(z) + bX5(2)
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Example

e Recall that any finite-length sequenga] can be
represented as a sum of scaled and shifted impulse
sequences

z[n] = 3, [kl — K

e For a single shifted unit impulse seque
Sn—Fk <2 5k

o Becausazi[n] + bas[n] «—— aX;(z) + bXs(2)
we obtainX (z) = S, z[k]z

DSP, CSIE, CCU




N
Time-Delay Property

» The quantityz! in thez-domain corresponds to a time
shift of 1 in then-domain.

» Consider the length-6 signgin]
n <0 J0 |1 ]2 [3 |4 |5 [>5_
1 4 1 <) 9 0

x[n] O 3

e Thez-transform oix[n]
X(z)=3+z2 4422+ 2345271 4+927°

e E.g. the term &2 indicates that the sighal valuesat
2 1sX[2] = 4.
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Time-Delay Property

* Now consider the effect of multiplying the polynahi
by z1
Y(z)=2"1X(2)
=218+ 2 442+ 27 4 52t 4+ 9270)
=02+ 327 '+ 2P+ 423 4 2t 4 5270 49270

e The resulting polynomi&Y(2) is thez-transform
representation of a signgin], which is found by using
the polynomial coefficients and exponent¥(m) to
determine the values gfn] at all time positions.

e The result oly[n]:

-ﬂ-----ﬂ-

yinl O
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Time-Delay Property

e For any finite-length sequence, multiplication loé £-
transform polynomial by ! simply subtracts one from
each exponent in the polynomial, thereby creating a
delay of one.

| >4

A delay of one sample multipliesthe z-transform by z*1

xln—1] < 21X (2)

A delay of n, sample multiplies the z-transform by z™

z[n —ng s 27X (2)
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A General ZTransform Formula

e Our definition assumes that the sequence Is nonzero
only in the interval 0 <n < N

X(z) = g [n]="

e It's possible to extend the definition
X(2) = Y00 an]e
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Unit-Delay Operator

* In the time domain, the unit-delay operator  Is
defined by y[n] — D{w[n]} = aln — 1

e |t's Instructive to find the-transform representation of
this system by letting the input to the unit-detggtem
be the signalz|n| = 2" for all n

e With thez" input signal, the output of the unit delay is
yln] = Dizln|}
=D{2"} = 2" = 271" = 27 1zn]
e The input signal is multiplied by, in particular when
rin] = 2"
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Unit-Delay Operator

* We must remember that it holds only fgn] = »~

e It's common to use?! interchangeably with the unit-
delay operator symbadb , so we can say thaahgr
iInputx[n] the action of the unit-delay system is
represented by the operaidr

yln] = z"Ha[n]} =2[n -1

o If yn]=zn—1 | theY(z)=2"'X(z) .Forany

finite-length sequence;! multiplies X(2) to produce

Y(2) — precise way to represent a unit delay

e It's not appropriate to writex[n] without the brackets,
because this mixes tlzedomain and the-domain
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Operator Notation

e Consider a system that calculates the first diffeeeof
two successive signal valuegi| = z[n] — zjn — 1

e Thez-transform operator that represents the first
difference system is (1)

Yl

e T
0

n] = (1 —z"{z[n]} = z[n] — z[n — 1]
ne operator “1” leavex|n] unchanged, and tf

peratorzt delaysx[n] before subtracting it from[n]

e Another example is the system that delays py
samples

y[ln] = x[n —ng  ngis an integer

e In this case, the system functionigz) = " and
the operator ig "«
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Operator Notation in Block Diagrams

 All the unit delays become! operators in the
transform domain, and, owing to the superposition

property of thez-transform, the scalar multipliers and
adders are the same as in the time-domain
representation.

x[n]

y|n| = byx|n] + bixn — 1 x«mi >SP______

1 bo
Z 5

Unit 7 X ()| x[n—1]
Delay —>é »é y[f-]

McClellan, Schafer and Yoder, Signal Processing First, ISBN 0-13-065562-7.
Pearson Prentice Hall, Inc. Upper Saddle River, NJ 07458. © 2003

DSP, CSIE, CCU




Convolution and the-Zransform

e Aunit delay of a signal in the-domain is equivalent
to multiplication byz* of the corresponding
transform in the-domain.

e The impulse response of the unit-delay system is
hin| = d[n — 1]

* A delay by one sample is equivalent to the convah
yln| =zxn|xdn—1=zn -1

e The system function of the unit-delay system iszthe
transform of its impulse response so

H(z) =z
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Convolution and the-Zransform

e The unit-delay property states that delay by omedsa
multiples thez-transform byz+?
Y(2)=2"1X(2)

e z-transform of the output is equal to thgansform of
the input multiplied by the system function of thid
Systeny (z) = H(z)X(z)
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Convolution and the-Zransform

e Recall that the discrete convolution

yln] = xln] « hn] = 3,1, hlklaln — k

e Apply the superposition property and the generkdyde
property to find the-transform ofy[n]

Y(2) = 2o hlk (7" X (2))
= (oM hlk)= ) X (2) = H(z)X(2)
e If X[Nn] Is a finite-length sequenck(z) is a polynomial,

so this equation proves that convolution is eqerngl
to polynomial multiplication.
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Example

zln| =dn—1] —dn — 2|+ dn — 3] — d[n — 4
h|n] = dn| + 20[n — 1] + 36|n — 2] 4+ 46|n — 3]

* Theztransforms of the sequences are:
X2)=0+1zt =122 41279 - 127
H(z)=1+221+3272+ 4277

» Both X(2) andH(2) are polynomials ixt, so we can
compute the-transform of the convolution by
multiplying these two polynomials

Y(z) = H(z)X(2) =

0+1zt =122+ 1273 — 121 + 227+ 3272+ 4279)

= 2 4 2242234227 — 3 4 20 g
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Example

Y(z2) = H(2)X(2) =
(04+1z7t =122+ 1277 — 127 (1 + 2271 + 3272 + 4279)
=z 24 22 4227 320 4 0 — 4T

e We can inverse transforif{z) to obtain

y[n] = on — 1]+ dn — 2] + 20[n — 3] + 26[n — 4] — 36[n — 5] +
dln — 6] — 40[n — 7|

e A few terms about convolution:

y|0] = A[0]z[0] = 1(0) =0

y|1] = h[0]z[1] + A[1]z|0] = 1(1) +2(0) = 1

y[2] = hl0]z[2] + h[1]z[1] + R[2)z[0] = 1(—=1) + 2(1) + 3(0) = 1
@BJ(? = 2[0]:c[3] + hl1]z[2] + h2]z[1] + A[3]z[0] = 1(1) + 2(—1) +
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Example

e The same thing happens in polynomial multiplication
because exponents add.

e The final row Is the sequence of valuey|of =
X[n]* h[n] or, equivalently, the coefficients of the
polynomialY(2).

_-------

X[n, X(zg O

h[n], Hz 1 2 3 4

X(2) 0 +1 -1 +1 -1 0 0 0
27'X(2) 0 +2 -2 +2 -2 0 0
322X(2) 0 +3 -3 +3 -3 0
473X(2) 0 +4 -4 +4 4
yin, Y(2 O +1 +1 +2 +2 -3 +1 4
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Convolution and the-Zransform

e Convolution and polynomial multiplication are

essentially the same thing.

to multiplication in the z-domain
yln] = hin] «zfn s Y(2) = H(2)X(z

Convolution in the n-domain corresponds

3
J

DSP, CSIE, CCU

~




Cascading Systems

e One of the main applications of the z-transform in
system design is Its use In creating alternativer§
that have exactly the same input-output behavior.

e |In cascading systems, th¢ransform of the overall
Impulse response Is the product of the individual
transforms of the two impulse respon:s

hin] = hi[n] * holn] <=  H(z) = Hi(2)Ho(2)

x[n] LTI 1 w[n] LTI2 yln]
LS L L

X(z) |Hi(2), hiln]| W(z) H>(z), ha[n]| Y (2)

McClellan, Schafer and Yoder, Signal Processing First, ISBN 0-13-065562-7.
DSP. CSIE. CCU Pearson Prentice Hall, Inc. Upper Saddle River, NJ 07458. © 2003
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Example

wln| = 3zn] —xn —1

yln] = 2wn] —wln — 1

yln.

= 6z|n] — 5xin — 1| + xn — 2]

= 2(3z[n| —xn—1])— Bzn—1]—zn—2])

e The cascade of the two fi-order system Is equivale
to a single second-order system
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x[n] LTT 1
X(z) [Hi(2), hi[n]

w|n]
W(2)

LTI2
H>(z2), ha[n]

McClellan, Schafer and Yoder, Signal Processing First, ISBN 0-13-065562-7.
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Y (2)
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Example

e The overall difference equation would be extremely
tedious If the systems were higher-order.

* The z-transform simplifies these operations int® th
multiplication of polynomials.

» The first-order system functions
Hi(z)=3—2"1 Hy(z)=2— 271

e The overall system function is
Hz)=0B-2zH2 -2 =6—-5z"1+277

* Thez-domain solution is more straightforward than the

n-domain solution.

>4

DSP, CSIE, CCU




