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Frequency Response

e |If we can find a representation for a signal imgiof
complex exponentials, the frequency response gives
simple and highly intuitive means for determining
what an LTI system does to that input signal.

e If the input is z[n] = Xy + 3, (Tkejwkn n Tke_]wkn)

= Xo+ S0, | Xi| cos(apn + 2 X;)
e The corresponding output Is

| RO XE
y[n] = H(@J())XO + Zéjvzl (H<€]wk)7k€]wkn + H(e—jwk)Tke—]wkn)
— H(GJO)XO + Z]kvzl |H(6J@k)||Xk| COS (@kn + /X, + 4}{(@@))

Each individual complex exponential component is
modified by the frequency response evaluated at the
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Example

e For the FIR filter with coefficientsd }={1,2,1}, find
the output when the input is

7
zin] =4+ 3 cos (gn — g) + 3 cos (gn)

» We evaluateH(¢/*)  at frequenciest@®3 and 77 /8

H(e!) =4

H(e/™3) = 3e7m/3 H(e') = (24 2cosw)e

H(e/™/8) = 0.1522¢ =97/

e Qutput
T T I I

?/['”J] :4'4+3-3008<§n—§—g> +O.1522-3€08(§n—§

7
= 16 + 9 cos (g(n — 1) — g) + 0.4567 cos (%(n — 1))
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Freqguency Domain vs. Time Domain

e The examples described above are called the
frequency-domain approach.

e We do not need to deal with thene-domain description
(.e., the difference equation or impulse response) of the
system when the input is complex exponential signal.

e We think about how the spectrum of the sign:
modified by the system rather than considering what
happens to the individual samples of the inputaign
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SteadyState and Transient Respons

e If the input is
z[n] = Xeln X = Ael? —00 <N < 00

e Then the corresponding output of an LTI FIR sysiem
yln| = H(e¥) X elo" —00 < n < 00
H(e?) = 3 L, e 72F

e The condition thax[n] be a complex exponential
signal existing over—oo < n < oo IS lonAant.
Without this condition, we will not obtain the sifap
result ofy[n].

 However, this condition appears to be somewhat
Impractical.
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SteadyState and Transient Respons

e Consider the following “suddenly applied” complex
exponential signal that startsratO and is nonzero
only for n >0

z[n] = Xel“"u[n] = {

Xel“n n >0
0 n < (

e The output of an LTI FIR system for this input is
yln) = S0l b X e Pufn —
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SteadyState and Transient Respons

e By considering different values afand the fact that
u[n-k] = O for k>n, it follows that the sum can be
expressed as

)
0 n <0

yln] = < S gbe ) X 0<n< M
S bre R Xelon M <
\

* When the complex exponential signal is suddenly
applied, the output can be considered to be defined
over three distinct regions.
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SteadyState and Transient Respons

e (1) Forn<0, the input is zero, and therefore the
corresponding output is zero.

e (2) The second region is a transition region whose
length isM samples. The complex multiplier ef"
depends upon. This region is called thizansient part
of the output.

e (3) Inthe third region, M <n , the outpsiidentical
to the output that would be obtained if the inpetev
defined over the doubly infinite interval.

y[n| = H(e/¥) X el M <n

It's called thesteady-state part.
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Example

e Consider the filter coefficients aré} = {1,-2.4,-2,1}
* The frequency response of this system is
H(el) = [4 — 4cos(w) + 2 cos(2w)]e 72+
e |f the input is the suddenly applied cosine signal
x[n] = cos(0.2mn — m)uln
H(e/*) = [4 — 4c0s(0.27) + 2 cos(0.47)]e~720-27) M=4
e The steady-state output is
yln| = 1.382cos(0.27(n — 2) — 7 4<n

e The frequency response has allowed us to find a
simple expression for the output everywhere in the
steady-state region.
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Example
e M=4 i

e The transient region i jleeee

0<n<3 il

* The steady-state regic
IS n >4

e The signal in the stea-ym (1)
state region is simply i _,!

Jeees I 9TTT9 ?TTT?
[ [*3 TIT8 >

scaled and shifted =,
version of the input

0 5 10
Time Index (n)

(b)
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Impulse Response vs. Frequency Response

e Compare
y[n] = Y, bexln — K]

H(e*) = Zk o bre 1N = 224:0 hlkleI<*
e Each termbk;,;[n — k] corresponds to a tégar/<* or
h|k]eI<h
» The frequency responge(e/«) can be deteomine
directly from the impulse response since the inguls

response of the FIR system consists of the sequdnce
filter coefficients.
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Impulse Response vs. Frequency Response

Time Domain @) Freguency Domain
Aln] = S0t  hikloln — k] 4 H(e/®) = 327 hlkle

©

e The process of going from the difference equatic
Impulse response to the frequency response is
straightforward for the FIR filter.
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Example

e Consider the FIR filter defined by the impulse
responseh|n| = —d[n| + 30[n — 1] — d|n — 2]

e The filter coefficients is{b,} = {—1,3, -1}

e The difference equation is
y|ln] = —zxn] + 3zn — 1] — z[n — 2]

e The frequency response of this system is
H(e¥) = —1+3e % — e /%

TimeDomain 4=  Frequency Domain
hin] = z]kw:o hlklo[n — k] <=y H(V) = Z]szo hlk]e 7"
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Example
e The frequency response is given
H(e/*) = e7%(3 — 2cosw)

* Sincecosw = (e +e7¥) , we cantevri

el + e“j@)}

H (&%) = e™/¥ [3 — 2( 5

= —1+3e ¥ — g Iw2

e Which corresponds to the following FIR difference
equation

yln] = —zn] + 3x[n — 1] — x[n — 2]
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Periodicity
e H(e/¥) is always a periodic function with perig

H(ej(cb+27r)> _ 224:0 bke—j(@+27r)k

_ Z]kw:() bke—j@ke—j%k _ H(ej@)

6—j277k: — 1

e It's not surprising that it would have this propert
since, as we have seen in Chapter 4, a change
Input frequency by, IS not detectable

gj[n] — Xej(w+27r)n — Xe]wnej%m — X eJwn

e |t's always sufficient to specify the frequencypense
only over and interval of one period, I.er < w <7
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Conjugate Symmetry

e Conjugate symmetry
H(e™ ™) = H*(e)
which is true whenever the filter coefficients azal
so thatb, = b;  (equivalentlyk] = h*(k]).

* We can prove this prope

H(e) = (S0 bre 7F)
_ Zk Ob* +]wk
= Zk:() bre Ik = H(e™I9)
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Conjugate Symmetry

e The conjugate-symmetry property implies that the
magnitude function is an even functionof amelt
phase is an odd function

[H(e™¥)| = |H(e)
LH(e %) = —/H(el%)

e Similarly, the real part is an even functionwfand
the imaginary part is an odd function

%e{H(e“jf’)} — %e{H(eﬂ:’)'}A
Im{H(e™/¥)} = —Im{H(e*)}
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Graphical Representation

e For a given system, the frequency response usually
varies with frequency, so that sinusoids of differe
frequencies are treated differently by the system.

e By appropriate choice of the coefficientg, a wide
variety of frequency response shapes can be rdalize

e To visualize the variation of the frequency resg
with frequency, it's useful to play (/)  sesw
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Delay System

e The delay system is given by the difference equatio
yln| = zln —ny

* It has only one nonzero filter coefficiebf=1, so its
frequency response f$(e/*) = e /4™

e The magnitude response is one for all frequencies

e The phase is given by the equation of a straigle
with a slope equal tong

NS 1 23,1-

In the case ofi,= 2 _ | | -

T YT T .
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First-Difference System

e Consider the first-difference system
yln] = zn] —zln -1
e The frequency response of this LTI system is
HEe¥“)=1—-e7¥=1—cosw+ jsinw
Re{H(e/¥)} =1 — cosw
Jm{H (e%)} = sinw

|H (/)| = [(1 = cosw)? + sin® &]/? 'y
= [2(1 — cosw)]"/? = 2| sin(w/2)] /] o
o SN w
LH(e%) = arctan( e A) 0
1 —cosw 1 —cosw R

Sin w

@ DSP, CSIE, CCU 0 = arctan( A)
\ 1 — cosw /
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First-Difference System

e The plots verify thatd (¢/*) is periodic with
period 27 , and they verify the conjugate symgnetr

properties

Re{H (e/*)} =1 — cosw

Jm{H (e/*)} = sinw

A51%\:3{111(\:#@)}
2_.

+ e t — +— -
37 27 —7 0 T 27 37 @
(a)

SIm{H (e/?))

Re{H(e )} = Re{H(e¥)} | T fr -
Im{H(e )} = ~Im{H(e")} v

McClellan, Schafer and Yoder, Signal Processin,
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First-Difference System

e In this figure,H(¢’’) =0 , so we can deat the
system completely removes components with 0

e The system emphasizes the higher frequencies
(near ;, — 1 ) relative to the lower frequescie

so it would be called aighpass

|H (e/?)]

filter. \/\V\/

|[H(e)] = 2|sin(@/2)]
LH(e)%) = arctan( e )

1 — cosw
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First-Difference System

e There is a simpler approach for getting the magleitu
and phase when the sequence of coefficients isreith
symmetric or antisymmetric about a central point.

b = —bar—x
* The trick Is to factor out an exponential whosegghia
half of the filter orderM/2) timesw , and then use i
Inverse Euler formula
H(e¥)=1—e 7~
— 2je 7%/ sin(w/2)
— 2sin(w/2)el7/2=/2)
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First-Difference System

e The form derived fofi (e/*) is almost a vanlar
form, but sincesin(w/2) IS negative for <w <0
we must write 77 (e/9)| = 2| sin(w/2)| daabsorb the

algebraic sign into the phase response for~ ¢ <Y
/H(eH¥) = m/2—w/2 A O<d}fﬂ
T4 T/2-w/2 —1<w<(

H(e¥) = 2sin(w/2)el7/2=4/2)
e Remember that] = ¢t/ |, so we can add reitheor—r
to the phase for-m <w <0 . In this ¢case add—7

so that the resulting phase curve remains between
and-+m radians for af
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Example

e Suppose that the input is|n| = 4 + 2cos(0.3mn — 7 /4,

e The outputy|n| =zn| —zn -1

yin| =4+ 2cos(0.3mn — w/4) — 4 — 2cos(0.37(n — 1) — w/4)
= 2c0s(0.3mn — 7/4) — 2 cos(0.3mn — 0.557)

* We see that the first-difference system removes the
constant value and leaves two cosine signals ¢
same frequency.

» Since the first-difference system has frequency
response (e/*) = 2sin(w/2)el™?-%/2, the output is

yln] = 4H (V) + 2| H (e/"*™)| cos(0.3mn — 7 /4 + L H (/"))
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Example H(e/) = 25in(@/2)e) /2012
e Since H(e') =0 and
H (/%) = 2 sin(0.3m/2)e~/"4m/2 = (.908¢/ (7/2~0-15m)
e The output will be
yln] = 4H(e/V) 4 2| H(e/°°™)| cos(0.3mn — 7 /4 + L H (/"))
yn| = (0.908)(2) cos(0.3mn — 7w /4 + 7/2 — 0.31/2)
= 1.816 cos(0.3mn + 0.17)
DSP, CSIE, CCU
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A Simple Lowpass Filter

* In Examples 6-1, 6-3, and 6-4, the system had
frequency response

H(ejdj) =1+2e % f e = e—ju?(g 4+ 2 cos @)
* Since(2+2cosw) >0  forafl , ilmwvs that
\H(ej@” = (24 2cosw) AlHE)]

/H(e%) = —G / \

e |ttends to suppress high % -3-5 ©°o 5§ 3% &7

frequencies (close to el
A \
& =T ) e S L
e Lowpass filter — T og——
3 2 3 :
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Example

e For the FIR filter with coefficientsd }={1,2,1}, find
the output when the input is

7
zin] =4+ 3 cos (gn — g) + 3 cos (gn)

e We evaluate?(¢/*) at frequencies(  d,ans

H(e!) =4

H(e/™3) = 3e7m/3 H(e') = (24 2cosw)e

H(e/™/8) = 0.1522¢ =97/

e Qutput
T T I I

?/['”J] :4'4+3-3008<§n—§—g> +O.1522-3€08(§n—§

7
= 16 + 9 cos (g(n — 1) — g) + 0.4567 cos (%(n — 1))
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Example

7

— 443 (— T
x|n] + 3 cos 7§n 5
y[n] = 16 + 9 cos (5(71 — 1)

The DC component is

Indicated as a gray horizontal

line.
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— z) + 0.4567 cos (%(n — 1))
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s Tl
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Time Index (n)
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