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/.ero Transformation

Zero Transformation fror®" to R

o If 01s themxn zero matrix and iIs the zero vector
In R", then for every vectorin R"

To(X) =0x=0
o So multiplication by zero maps every vectoRNh

Into the zero vector IR™. We callT, the zero
transformation fronkR" to R™.



Identity Operator

ldentity Operator oiR"
o If 1 is thenxn identity, then for every vectorin R"
T,(X) =Ix=x
o So multiplication byl maps every vector IR" Into
itself.
o We callT, theidentity operatoonR".



A Procedure for Finding Standard

Matrices

To find the standard matri for a matrix transformations
from R"to R™

e.e, ..., & are the standard basis vectorsRr

Suppose that the images of these vectors under the
transformatiorT, are

TA(el) :Ael’ TA(eZ) :A621 naay TA(en) = Aen
Ae Is just thgth column of the matri®, Thus,

A=[T]=[T(e) [ T(e) | ... |T(e&)]



Retlection Operators

In general, operators diff andR3 that map each
vector into its symmetric image about some line or
plane are callec:flection operators

Such operators are line




Example

If we letw=T(x), then the equations relating the

components ot andw are
W, =-X=-X+Qy
w,=y=0x+y
or, in matrix form (X, y)

(X, y)

AR e A

The standard matrix for is [_01 (1)]



‘ Retlection Operators (2-Space)

the line y = x

Standard
Operator Illustration Equations Matrix
Reflection about w, = —Xx =1, ‘0
the y-axis Wr= y 0 1
Reflection about A ) w, = x 1 0
the x-axis Wy = —y 0 -1
Reflection about w; =Yy




‘ Retlection Operators (3-Space)

Standard
Operator IMustration Equations Matrix

Reflection about w;= Xx 1 (0]
the xy-plane Ws = ¥y 0 1
W3 = —Z O O
Reflection about Wi — X 1 (0]
the xz-plane Wy = —y 0O -1
W3 — = (§) (8]

Reflection about g e e, v, 2) W, =—x =1
the yz-plane i G Wo = vy 0 1

L w3z = =z 0

% /




Projection Operators

In general, grojection operatofor more precisely an
orthogonal projection operajoonR? or R® is any
operator that maps each vector into its orthogonal
projection on a line or plane through the origin.

The projection operators are linear.



Example

Consider the operatdr R> — R? that maps each vector
Into its orthogonal projection on thxeaxis. The equations
relating the components rfandw=T(Xx) are

W, =X=X+ Oy

w,=0=K&+ 0y
or, in matrix form

o= [ol ]

The standard matrix for is lé 8] .

(x', y)

wW=T(X) & 0)
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‘ Projection Operators

- Standard

Operator Illustration Equations | Matrix
Orthogonal projection AY W) =X 1 0
on the x-axis ! (x.) wy =0 0 0

X

|
- t (x,0) *

w
Orthogonal projection w; =0 [ 0 0
on the y-axis (x.) Wy =y 0o 118

Y =
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‘ Projection Operators

Standard

Operator Ilustration Equations Matrix
Orthogonal projection Ww; =X 1. O ©
on the xy-plane Wy =1y 0O 1 O
wy =0 O O O
Orthogonal projection W, =X 1 06 0
on the xz-plane ws =0 O 0 0
e W3 = Z 0 () 1
Orthogonal projection Wy = O 0 O
on the yz-plane Wy =y 0O 1 0
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Rotation Operators

The rotation operator:R? — R? moves points
counterclockwise about the origin through an aryle
Find the standard matrix
T(e) =T(1,0) = (co¥, sinb

T(e,) =T(0,1) = (-sirg, cosH)

N

Standard
Operator Illustration Equations Matrix

Rotation through ¥ (wy, w,) wy=xcos6 —ysinf cos® —sinf
an angle 6 w N W,y =xsin@ + y cos 0 sin @ cos 6
X,
> (x.y) )
A X & 3




Example

If each vector iR? is rotated through an angle of6
(30°) ,then the imagw of a vector

o

sin 7L cos7L (LY } I%Jy _%)H\/’%y_

For example, the image of the vector
V3 -1

x—{l} IS w = 2
1 1 + /3
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A Rotation of Vectors in RS

A rotation of vectors ifR®is usually described
in relation to a ray emanating from the origin,
called theaxis of rotation

As a vector revolves around the axis of rotatio
It sweeps out some portion of a cone.

Theangle of rotatioris described asklockwisé’
or “counterclockwis” in relation to a viewpoir
that is along the axis of rotatidooking toward
theorigin.

The axis of rotation can be specified by a
nonzero vectou that runs along the axis of
rotation and has its initial point at the origin.

The counterclockwise direction for a rotation
about its axis can be determined biright-
hand rulé.

Az (Axis of rotation)

(a) Angle of rotation

Az Counterclockwise
rotation

b

Yo

X

(b) Right-hand rule
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‘ A Rotation of Vectors in RS

-~

Standard

| Operator Ilustration Equations Matrix
Counterclockwise W, =X 1 0 0
rotation' z_ibout _ Wws=vcos 8 — zsin@ 0 cos@ — sin 8
the positive x-axis w3 =ysin@ + z cos @ 0 sin@ cos 8
through an
angle 8

' Counterclockwise w; =xcos @ + zsin @ cos @ 0O sin@

|| rotation about Wy =y 0 1 0

F the positive y-axis wy3=—xs8nf +zcos@ —sin 8 0 cosé@

!. through an

| angle 6

i Counterclockwise w;=xcos@ —ysinf cos8 —sin@ o0

| rotation about ws =xsin@ + ycos@ sin 6 cos® 0
the positive z-axis Wa =z 0 0 1

through an
angle 6

T
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Dilation and Contraction Operators

If kis a nonnegative scalar, the operatoRéar R® is
called a contraction with factérif 0 <k <1 (LLRZkIX
#48) and a dilation with factdkif k> 1 (CAIRNZ Kl PE).

Standard
Operator Illustration Equations Matrix

Contraction with z w; = kx
factor k on R3 x —m (X, ¥, 2) wy = ky
O=k=1 W (kx, ky, kz) wy=kz

y

>
x/

Dilation with z (kx, ky, kz) w; = kx
factor k on R3 ws /" wo = ky
(k=1) X (x,y.z) wsy=kz

y

W

—
oo
b = =
 S———

o x O
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Compression or Expansion

If T: R> —» R?is a compression (&<1) or expansion
(k>1) in thex-direction with factok, then

rersr@-F re-r(f)- ¢

so the standard matrix faris [lg (1)] .

Similarly, the standard matrix for a compression or
expansion in thg-direction is[1 0]

0 k
Y ) ()

xky)

18



Shears

A shear (E1

Points farther from thg-axis move a greater distance

than those

(X,y)

) In the x-direction with factor kis a
transformation that moves each poxy) parallel to the
X-axis by an amourky to the new positionxgky,y).

close

y

7 (Xtkyy)  —

X
k>0

y

A

(x+ky,y)

k<O
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Shears

If T: R2 — R?is a shear with factdein thex-direction, then

(Y [z +ky] (1RO T

T<€1>_T(_O_>__ Y _—- O ___O_

B 01\  |z+ky] [o+E1] [k

T(@Q)—T<-1-)—- y _—_ 1 — 1
The standard matrix foF is [1 k]
01

Similarly, the standard matrix for a shear in yhdirection

with factorkis |1 0
k1




Example (Standard Matrix for a Projection

Operator)

Let| be the line in they-plane that passes through the

origin and makes an angfawith the positivex-axis,
where 0< @< Tl LetT: R* - R?be a linear operator that

maps each vector into orthogonal projectior.on

o Find the standa matrix forT. A Y

o Find the orthogonal projection of
the vectorx = (1,5) onto the line
through the origin that makes an
angle ofd = 176 with the positive
X-axis.

T (x)
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Example

The standard matrix fofF can be written as

[T] =[T(e) | T(&)]
Consider the case€0 < 172.

o |m(e)ll = cosp

=) T(el){
2 [[T(e)l] = sinB

= 1|

IT () cosé} _ {
IT(e)|sin6

IT(e,)| = cost
IT(e,)| =sing

= -]

cos’ @
sindcosd

sin@dcosd
sin’ @

cos @ sin Hcose}

sindcosd  sin‘é@

|

J

.

}
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Example

T—[ cos’ 8 sinecose}

sin@cosd

sin® @

Since sin1/6) = 1/2 and cos(6) =+/3 /2, it follows
from part (a) that the standard matrix for thisjgction

operator is

[T]=

34 J3/4
V3/4 Y4

34 3/a

V3/4 14 |
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Reflections About Lines Through the
Origin
Let P,denote the standard matrix of orthogonal projections on
lines through the origin

Px—x=(L/2)H,x —X), or equivalentlyH,x = (2 P,—I)x
Hy = (2Py—1)

o cos 20 sin 260
"~ 1sin20 — cos20
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Composttion of T with T,

Definition
o If T,: R" -~ RcandTg: RC — RMare linear transformations,

the composition of T, with T,, denoted byl; - T, (read T,
circleT,”), is the function defined by the formula

(TB ° TA) (X) — TB(TA(X))
wherex is a vector irR".

L)/ \:6/ yars
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Composition of 1, with T,

This composition is itself a matrix transformatgince
(Tg ° TAX)=(Ta(TA(X))=B(TA(x))=B(AX)=(BA)X

It Is multiplication byBA, 1.e.Tg > T, =Tga

The compositions can be defined for more than tineal

transformations.

For example, Iff,: U - VandT,:V - W ,andT;: W -
Y are linear transformations, then the composilign
T, o T,isdefined by(T, = T, o T,)(u) =T, (T, (T,
(U)))

27



Remark

It is not true, in general, thAB = BA
Soitis not true, in general, thBt > T, =T, ° Tg
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Example

Let T;:R? —» R? andT,:R?* — R? be the matrix operators that
rotate vectors through the angtesandé,, respectively.

The operation, - T))(X)=T,(T,(x)) first rotatesx through the
angled,, then rotated,(x) through the anglé,.

T = [cos 0, — sin 81] ) = [cos 05 — sin 82]

sinf#; cos B, sinf#, cosb,

TyoTy] = [COS(91 +62) —sin(fh + 92)]

sin(6y + 62)  cos(01 + 6)

T[T = [COS 05 — sin 6’2] [cos 0, — sin 91]

sin @y cos by sinfy cos by

[ cos 0 cos 01 — sin @y sin @ —(cos Oy sin O + sin O cos 0;)
sin 05 cos 01 + cos Oy 8in 87 — sin 6 sin 67 + cos 8, cos 64
=cos(91 +05)—-sin(t; +t5)

— sin(0) + 0y)  cos(6 + 6-) ] = [13] o 17]
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‘ Composition 1s Not Commutative

= Let T, be the reflection operator

= LetT, be the orthogonal projection
on they-axis

[ oT,]=[TIT,] =

0 1]0 1] [01]

110]/00| |00
'01]01] [0O]

T,oT |=ITLIT,] = =

[T, o] =TT _OO_LO_ 10

SO [T1 °T2] # [Tz °T1]

Y.

T (T7(x))

b)) T1=1>
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Composition of Two Retlections

Let T, be the reflection about theaxis, and lefl, be the
reflection about th&-axis. In this casel, - T, andT, o
T, are the same.

(T1 o To)(w,y) = Th(z, —y) = (—z, —y)
(T2 © Tl)(xa y) — T2<—£C, Z/) — <—ZC, _y)

—10[[1t 0] [-1 0
Tio T = [Ti] [13] = 0 1/ 0-1] |0 -1
1 0| [-10] [-1 0
2o T = [T [T1] = 0—1]|0 1] |0 -1
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One-to-One Linear transformations

Definition
o A linear transformatiol : R" -R™is said to bene-to-onaf T

maps distinct vectors (points) R into distinct vectors (points)
In RM

Remark:

o That is, for each vectav in the range of a one-to-one linear
transformationl, there is exactly one vectwisuch thafl(x) = w.
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Example

One-to-one linear
transformation

") 1)

11 V
u

Distinct vectoras andv
are rotated into distinct
vectorsT(u) andT(v).

Not one-to-one linear
transformation

I p
¢ Q
M

The distinct point$ and
Q are mapped into the
same poini.
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