Proot of Theorem 3.5.4(b)

The area of the base|is x w| -

The heighh of the parallelepiped i
the length of the orthogonal |
projection ofu on v x w i

u - (v X w)

The volumeV of the parallelepiped Is

(b)

(v x w)

V:vawa‘u = |u - (v X w)]

o x ] lprojaul| =




‘ Remark

u, uy U3 V = [volumeofpamllelemped]_mlu (vxw)l

wp w2 w3

u-(Vxw)=|vy v uv; h = llproj, x wull
w; w2 uws

(b)




Remark

V=l|u-(vxw)
We can conclude that
u-(vxw)==1V

where + or — results depending on whetherakes an
acute or an obtuse angle wv x w



Theorem 3.5.5

If the vectorau = (uy, U, Uy), V = (Vyq, Vy, V3), aNdw = (W,
W,, W;) have the same Iinitial point, then they lie in the
same plane if and only if

ul u2
ul(vxw)=|v, V
Wl

w

u
V,|=0

W, W,

N
w
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Detinition (Vector Space)

Let V be an arbitrary nonempty set of objects on which two
operations are defined:

o Addition

o Multiplication by scalars

If the following axioms (/xH) are satisfied by all objects

v, win V and all scalark andl, then we calV avector
spacq[a] &2 [H]) and we call the objects Wvectors



Detinition (Vector Space)

1. If uandv are objects iV, thenu +visinV.

2. U+v=v+u

3. u+t(v+w)=(Uu+v)+w

4. There is an obje@in V, called azero vectoffor V, such thad + u
=u+0=uforalluinV.

5. For eachuinV, there is an objecu-n V, called anegativeof u,
such thau + (-u) = (-u) +u=0.

6. If kis any scalar andis any object irV, thenku is in V.

7. k(u+v)=ku+kv

8. (k+l)u=ku+lu

9. k(lu) = (k) (u)

10. lu=u



Remarks

Depending on the applicatiosgalars may be real numbers or
complex numbers.
o Vector spaces in which the scalars are complex eusndre

calledcomplex vector spacegdi o =~5[]), and those in
which the scalars must be real are careal vector space &%)

=] == 25 [H]).
The definition of a vector space specifies neither the nature of
the vectors nor the operations.
o Any kind of object can be a vector, and the operations of addition

and scalar multiplication may not have any relatiop or
similarity to the standard vector operationsRin

o Theonly requirement is that the ten vector space axioms be
satisfied.



Show a Set as a Vector Space

Step 1: Identify the s&t of objects that will become vectors.

Step 2: Identify the addition and scalar multiplication
operations oiv.

Step 3. Verify Axioms 1 and 6. Axiom 1 is calledsure
under addition (JIEEEAE), and Axiom 6 is calclosure
under scalar multiplication (4 & 3€, £ EEA ).

Step 4: Confirm that Axioms 2, 3, 4, 5, 7, 8, 9, and 10 hold.



Example: The Zero Vector Space

Let V consist of a single object, which we denotedby
and defind + 0 = 0 andkO = O for all scalark.

It's easy to check that all the vector space axiams
satisfied.

We call this thezero vector space.

10



Example (R" Is a Vector Space)

The setV = R"with the standard operations of addition
and scalar multiplication is a vector space.

Axioms 1 and 6 follow from the definitions of the
standard operations (R"; the remaining axioms follo
from Theorem 3.1.1.

The three most important special caseR'aireR (the
real numbers)R? (the vectors in the plane), aRd (the
vectors in 3-space).
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Example (2X2 Matrices)

Show that the saf of all 2x2 matrices with real entries is a vector
space if vector addition is defined to be matrigiadn and vector
scalar multiplication is defined to be matrix scataultiplication

u u V V
Let U :{ 11 12} arv:{ 11 12}
Uy, Uy Vor V2o

To prove Axiom 1, we must show that v is an object irV; that
IS, we must show that+ v is a 2 matrix.

u u V,, V U, +Vv U, +V
u+v:{ 11 12}4_{ 11 12}:{ 11 ° V11 Y12 12}
Uy, Uy Vor Vo Upy +V5; Uy, +Vs

12



Example

Similarly, Axiom 6 hold because for any real numke&re have
ku — k|:ull u12:| — |:ku11 ku 12:|
u21 u22 kU 21 kU 22
so thatku is a 2 matrix and consequently is an objecVin
Axioms 2 follows from Theorem 1.4.1a sil

U+vy= |:U11 u12:| +|:V11 V12:| — |:V11 V12:| +|:U11 u12:| =v+u
u21 u22 V21 V22 V21 V22 u21 u22
Similarly, Axiom 3 follows from part (b) of that dorem; and

Axioms 7, 8, and 9 follow from part (h), (j), anel){ respectively.

13



Example

To prove Axiom 4, le0) :{

Then
O+u:{

Similarly,u + 0 =

: —Up,
To prove Axiom 5, let-uU =

Then
u+(—u):{

0 O

0O O
u.

ull
u21

Similarly, (-u) +u =0.
For Axiom 10, 11 = u.

0
0

u
Uy,

.

U,
u

22

— Uy,

u
} {
Uos

— Uy,

— Uy,

|

— |:u11

u21

- u12:|
— Uy,

— Uy,

— Uy,

|

u12
u22

:[

00
00

}:u
=
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Example (Vector Space of 7Xn Matrices)

The previous example is a special case of a marerge
class of vector spaces.

The arguments in that example can be adapted t® sho
that the seY of all mxn matrices with real entries,
together with the operatiomatrix addition and scal:
multiplication is a vector space.

Themxn zero matrix is the zero vectdr and ifu is the
mxn matrix U, then matrix Y is the negative u-of the
vectoru.

We shall denote this vector space by the syrivhol

15



Example (Vector Space of Real-Valued Functions)

LetV be the set of real-valued functions defined o~ x>
the entire real line ¢,). If f =f(x) andg=g (x) are g/”\—{
two such functions anklis any real number, definec rred L st=d

. . g-"'"'—-—__\_—’T
the sum functiori + g and the scalar multiplef, t— s 7] *®
respectively, byf + g)(x) =f(x) + g(x) and k f)(x)=kf(x). ®
In other words, the value of the functibt g atx is (@)
obtained by adding together the value$ andg at x
(Figure 4.1.1 a). Similarly, the valuek f atxis k e

times the value cf atx (Figure 4.1.1 b). This vect i R .
space is denoted by kq0). If f andg are vectors in _— KD

this space, then to say that g is equivalent to ]
saying thaf(x) = g(x) for all x in the interval (e0,).

The vectol0 in F(-c0,0) is the constant function thai
identically zero for all value of. The negative of a
vectorf is the function £= -f(x). Geometrically, the
graph of $is the reflection of the graph 6fcross |
thex-axis (Figure 4.1.1.c). —— "

16



Example (Not a Vector Space)

LetV = R? and define addition and scalar multiplication
operations as followdf u = (u,, u,) andv = (v, V,), then
define

U+v= (U +Vy, U+ V)
and ifkis any real number, then def
ku=(ku,, 0)
There are values af for which Axiom 10 fails to hold.
For example, it = (U, U,) Is such that, # O0,then
lu=1U,u,)=(1u, 0 =W, 0)zu
Thus,V is not a vector space with the stated operations

17



An Unusual Vector Space

Let V be the set of positive real numbers, and define the
operation orV to be

u+v = uv, ku = UK
For example: 1+1 =1 and 2(1) 241
The seV with these operations satisfies the 10 vector s
axioms and hence is a vector space!

o Axiom 4: the zero vector in this space is the nunmibsinceu+1=u

o Axiom 5: the negative of a vector u is its reci@loEu = 1/u) since
u+(1/u)=u(1/u) =1 =0
o Axiom 7: k(u+v) = (uv)k = uvk = (ku) + (kv)

18



Every Plane Through the Origin Is a
Vector Space

Check all the axioms!

o LetV be any plane through the originR. SinceRe itself
IS a vector space, Axioms 2, 3, 7, 8, 9, and 10 hold for all
points inR3 and consequently for all points in the plahe

2 We need only show that Axioms 1, 4, 5, and 6 are sati

19



Every Plane Through the Origin Is a
Vector Space

Since the plan¥ passes through the origin, it has an equation
of the formax + by + cz= 0. If u = (u, U,, Ug) andv = (vy, V,,

V;) are points iV, thenau, + bu, + cu; = 0 andav, + bv, +

cv; = 0. Adding these equations givesi, + v;) +b(u, + Vv,) +C

(U + V) = 0.

Axiom 1:u +Vv = (U, + vy, U, + V,, U + Vy); thusu + v lies in

the planev.

Axioms 5: Multiplyingau, + bu, + cu; = O through by -1
givesa(-u,) + b(-u,) + c(-uy) = O ; thus, u = (-Uy, -U,, -U,) lies
InV.

20



Theorem 4.1.1

LetV be a vector spaca,be a vector iV, andk a
scalar; then:

Ou=0

kO0=0

(-u=-u

If ku=0, thenk=0 oru=0.

o 0O 0O O

21



Proof of Theorem 4.1.1(a)

We can write
Ou + Ou = (0+0lu [Axiom 8]
= Qu [Property of the number O]

By Axiom 5 the vector u has a negative-0u. Adding
this negative to both sides above yields

[Ou + Ou] + (-Ou) = (0O+0u + (-0Ou) [Axiom 3]
Ou + 0= 0[Axiom 5]
Ou = 0 [Axiom 4]

22



Proof of Theorem 4.1.1(c)

To show that (-1) = -u, we must demonstrate that
(-1)u =0.
To see this, we observe that
u+ (-1u=1u+ (-1)u [Axiom 10]
= (1 + (-1)u [Axiom 8]
= Qu [Property of numbers]
=0 [Property (a) above]
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Subspaces (+Z5[H])

Definition
o A subsetVof a vector spac¥ is called asubspacef Vif Wis itself a
vector space under the addition and scalar muépbn defined oWv.

In general, one must verify the ten vector space axioms to
show that a séW with addition and scalar multiplicatic

forms a vector space.

However, some axioms are inherited fréir-or example,
there is no need to check Axiom+y=v+u) for W because

It holds for all vectors iV and consequently for all vectors in
W.

o Other axioms inherited By fromV are 3, 7, 8, 9, and 10.
o Only Axioms 1, 4, 5, 6 are needed to be checked.

25



Theorem 4.2.1

Theorem 4.2.1

o If Wis a set of one or more vectors from a vector space
thenWis a subspace &f if and only ifthe following
conditions hold:

If uandv are vectors W, thenu + v is in W.
If kis any scalar and is any vector i'W, thenku is in W.

26



Proof of Theorem 4.2.1

Axiom 1: If u andv are objects iV, thenu + vis inV.
Axiom 6: If kis any scalar and is any object irV, thenku is in V.

If Wis a subspace &f, then all the vector space axioms
are satisfied, including Axioms 1 and 6, which are
precisely conditions (a) and (b).

Conversely, assume conditions (a) and (b) holdce
these conditions are vector space Axioms 1 ante6, w
need only show thaw satisfies the remaining eight
axioms.

27



Proof of Theorem 4.2.1

Axioms 2, 3, 7, 8, 9, and 10 are automaticallyssail by

the vectors i'Wsince they are satisfied by all vectors in
V.

o Therefore, we need only verify Axioms 4 and 5.

Letu be any vector IW. By condition (b)ku is in W for
every scalak.

Settingk=0, Qu =0is iInW, and settindg=-1, (-1u=-uis
iIn W—- Axioms 4 and 5 hold iV

28



‘ Remark

= Theorem 4.2.1 states thtis a subspace &f If and
only iIf Wis aclosed under additiofcondition (a))
andclosed under scalar multiplicati¢gcondition (b)).

29



Example

Let W be any plane through the A
origin and letu andv be any
vectors inW.

o u+vmustlie inWsince it is the
diagonal of the parallelogra
determined by andv, andk u
must line inW for any scalak F
sincek u lies on a line through.  figure 5.2.1

Thus,Wis closed under addition The vectors u + v and ku

and scalar multiplicatiqrso it is :’ftf:;r‘; N S SIS e

a subspace d®.

30



‘ Example

= A line through the origin oR® is a subspace .

= LetWbe a line through the origin &.

A

ku

(b) W is closed under scalar

(a) W is closed under addition. multiplication.
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Example (Not a Subspace)

Let W be the set of all points
(X, y) in R? such thak = 0
andy = 0. These are the
points in the first guadrant

The seWis nol a subspac
of R? since it is not closed
under scalar multiplication

For exampley = (1, 1) lines
in W, but its negative (-1)= -1.-1)
-v = (-1, -1) does not.

32



Remarks

@:I Think about “set” and “empty set”!

Every nonzero vector spavehas at least two subspadséitself is a
subspace, and the sé€t {consisting of just the zero vector Yhis a
subspace called threero subspace

Examples of subspacesRfandRS:

o Subspaces d#?
{0}
Lines through the origin
RZ

o Subspaces d®e:
{0}
Lines through the origin
Planes through origin
R3

They are actually the only subspaceRtdndR®
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Subspaces of M

Since the sum of two symmetric matrices is symmetri
and a scalar multiple of a symmetric matrix is sy&nm.
Thus, the set afixn symmetric matrices is a subspace of
the vector spachkl,, of nxn matrices.

Similarly, the set onxn upper triangular matrices, the .
of nxn lower triangular matrices, and the senah
diagonal matrices all form subspaced/bf, since each of
these sets is closed under addition and scalar
multiplication.
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A Subset ot M That 1s Not a

Subspace
The setW of invertiblen x n matrices is not a subspace of
M.
12 —1 2
& TR Y

The matrix @ is the 2x 2 zero matrix and hence is not
Invertible —not closure under scalar multiplication.

The matrixU+V has a column of zeros, so it is not
Invertible —not closure under addition.
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