FD II: Aggregation op erators

Triangular norms were introduced by Schweizerand Sklar

• B.Schweizer and A.Sklar, Associative functions and abstract semigroups,Publ. Math. Debrecen, 10(1963)69-81.

to model the distances in probabilistic metric spaces. In fuzzy sets theory triangular norms are extensively used to model logical connective and.

Definition 1 (Triangular norm.) A mapping T:[0,1]× [0,1]→ [0,1] is a triangular norm (t-norm for short) iff it is symmetric, associative, non-decreasing in each argument and T(a, 1) = a, for all a ∈ [0,1]. In other words, any t-norm T satisfies the properties:

T(x, y) = T(y,x) (symmetricity) T(x, T(y,z)) = T(T(x, y),z) (associativity) T(x, y) ≤ T(x^′,y^′) if x ≤ x^′ and y ≤ y^′ (monotonicity) T(x, 1) = x, ∀x ∈ [0,1] (one identy)

• minimum MIN(a, b) = min{a, b} • Łukasiewicz

LAN D(a, b) = max{a + b− 1,0}

• probabilistic P AN D(a, b) = ab • weak

WEAK (a, b) = � � � min{a, b} if max{a, b} = 1 0 otherwise • Hamacher

HAN D_γ(a, b) = ab γ + (1 − γ)(a + b− ab)

, γ ≥ 0

• Dubois and Prade

DAN D_α(a, b) = ab max{a, b,α}

, α ∈ (0,1)

All t-norms may be extended, through associativity, to n > 2 arguments. The t-norm MIN is automatically extended and P AN D(a_1,...,a_n) = a_1a_2 ···a_n LAN D(a_1,...a_n) = max{^{n�}_{i=1} a_i − n + 1,0}

A t-norm T is calledstrict if T is strictly increasingin each argument. Triangular conorms are extensivelyused to modellogicalconnective or. Definition 2 (Triangular conorm.) A mapping S:[0,1]× [0,1]→ [0,1] is a triangular co-norm (t-conorm for short) if it is symmetric, associative, non-decreasing in each argument and S(a, 0) = a, for all a ∈ [0,1]. In other words, any t-conorm S satisfies the properties:

S(x, y) = S(y,x) (symmetricity) S(x, S(y,z)) = S(S(x, y),z) (associativity) S(x, y) ≤ S(x^′,y^′) if x ≤ x^′ and y ≤ y^′ (monotonicity) S(x, 0) = x, ∀x ∈ [0,1] (zero identy)

If T is a t-norm then the equality S(a, b) := 1− T(1 − a, 1− b) defines a t-conorm and we say that S is derived from T.

• maximum MAX (a, b) = max{a, b} • Łukasiewicz LOR(a, b) = min{a + b,1} • probabilistic P OR(a, b) = a + b− ab • strong

STRONG(a, b) = � � � max{a, b} if min{a, b} = 0 1 otherwise • Hamacher

HOR_γ(x, y) = a + b− (2 − γ)ab 1− (1 − γ)ab

, γ ≥ 0

Lemma 1 Let T be a t-norm. Then the following statement holds

WEAK (x, y) ≤ T(x, y) ≤ min{x, y}, ∀x, y ∈ [0,1].

Pro of. From monotonicity, symmetricity and the extremal condition we get

T(x, y) ≤ T(x, 1) ≤ x, T(x, y) = T(y,x) ≤ T(y,1) ≤ y. This means that T(x, y) ≤ min{x, y}.

Definition 5 (averaging operator) An averaging (or mean) operator M is a function M:[0,1]× [0,1]→ [0,1] satisfying the following properties

• M(x, x) = x, ∀x ∈ [0,1], (idempotency) • M(x, y) = M(y,x), ∀x, y ∈ [0,1], (commutativity) • M(0,0) = 0, M(1,1) = 1, (extremal conditions) • M(x, y) ≤ M(x^′,y^′) if x ≤ x^′ and y ≤ y^′ (monotonicity) • M is continuous Lemma 3 If M is an averaging operator then

min{x, y} ≤ M(x, y) ≤ max{x, y}, ∀x, y ∈ [0,1] Pro of. From idempotency and monotonicity ofM it followsthat min{x, y} = M(min{x, y},min{x, y}) ≤ M(x, y) and M(x, y) ≤ M(max{x, y},max{x, y}) = max{x, y}.

Which ends the proof. An important family of averaging operators is formed by quasiarithmetic means M(a_1,...,a_n) = f^{− 1}( 1 n n� i=1 f (a_i)) This family has been characterized by Kolmogorov as being the classof all decomposablecontinuous averagingoperators.

Example 3 For example, the quasi-arithmetic mean of a_1 and a_2 is defined by

M(a_1,a_2) = f^{− 1�} f (a_1) + f (a_2) 2 � . The most often used mean operators. harmonic mean 2xy x + y geometricmean √ xy arithmetic mean x + y 2 dual of geometricmean

1−^� (1 − x)(1 − y)

dual of harmonic mean x + y − 2xy 2− x − y median

med(x, y,α) = � � � � � � � y if x ≤ y ≤ α α if x ≤ α ≤ y x if α ≤ x ≤ y generalizedp-mean

�x^p + y^p 2 �1/p

, p ≥ 1

The processof information aggregation appears in many applications related to the development of intelligent systems. One sees aggregation in neural networks, fuzzylogiccontrollers, visionsystems, expert systems and multi-criteria decisionaids. In • R.R.Yager, Ordered weighted averagingaggregationoperators in multi-criteria decisionmaking, IEEE Trans. on Systems, Man and Cybernetics , 18(1988)183-190.

Yagerintroduceda newaggregationtechniquebasedonthe ordered weighted averaging(OWA) operators. Definition 6 An OWA operator of dimension n is a mapping F :R^n → R, that has an associated n vector W = (w_1,w_2,...,w_n)^T such as w_i ∈ [0,1], 1 ≤ i ≤ n, n� i=1 w_i = 1.

Furthermor e F (a_1,...,a_n) =^{n�}_{j=1} w_j b_j where b_j is the j-th largest element of the bag < a_1,...,a_n > .

Example 4 Assume W = (0.4,0.3,0.2,0.1)^T then F (0.7,1,0.2,0.6) = 0.4× 1+ 0.3× 0.7+ 0.2× 0.6+ 0.1× 0.2 = 0.75.

A fundamental aspect of this operator is the re-ordering step, in particular an aggregatea_i isnot associated with a particular weight w_i but rather a weight is associated with a particular ordered position of aggregate. When we viewthe OWA weights as a column vector we shall find it convenient to referto the weights with the lowindicesas weights at the top and those with the higher indices with weights at the bottom. It isnoted that different OWA operators are distinguishedby their weighting function. Yager pointed out three important specialcasesof OWA aggregations:

• F^∗: In this case W = W^∗ = (1,0...,0)^T and F^∗(a_1,...,a_n) = max{a_1,...,a_n}, • F_∗: In this case W = W_∗ = (0,0...,1)^T and F_∗(a_1,...,a_n) = min{a_1,...,a_n}, • F_A: In this case W = W_A = (1/n, ...,1/n)^T and F_A(a_1,...,a_n) = 1 n n� i=1 a_i,

Anumber ofimportant propertiescan beassociated with the OWA operators. We shall now discusssomeof these. For any OWA operator F

F_∗(a_1,...,a_n) ≤ F (a_1,...,a_n) ≤ F^∗(a_1,...,a_n). Thus the upper an lower star OWA operator are its boundaries. From the above it becomesclear that for any F

max{a_1,...,a_n} ≤ F (a_1,...,a_n) ≤ max{a_1,...,a_n}.

The OWA operator can be seen to be commutative . Let {a_1,...,a_n} be a bag of aggregates and let {d_1,...,d_n} be any permutation of the a_i. Then for any OWA operator F (a_1,...,a_n) = F (d_1,...,d_n).

A second characteristic associated with these operators is monotonicity . Assumea_i and c_i are a collectionof aggregates, i = 1,...,n such that for each i, a_i ≥ c_i. Then F (a_1,...,a_n) ≥ F (c_1,c_2,...,c_n) where F is somefixed weight OWA operator. Another characteristic associated with these operators is idempotency. If a_i = a for all i then for any OWA operator F (a_1,...,a_n) = F (a, ...,a) = a.

From the above we can see the OWA operators have the basic properties associated with an averaging operator .

Example 5 A window type OWA operator takes the average of the m arguments about the center. For this class of operators we have

w_i = � � � � � � 0 if i < k 1/m if k ≤ i < k + m 0 if i ≥ k + m

kk+m-11n1/m

Window type OWA operator. In order to classifyOWA operators in regard to their location betweenand and or, a measureoforness , associated with any vector W is introduce by Yager as follows orness (W) = 1 n − 1 n� i=1 (n − i)w_i

orness (W) = 1 n − 1

×^�(n − 1)w_1 + ···+ w_{n− 1}^�

orness (W) = w_1 + n − 2 n − 1

× w_2 + ···+ 1 n − 1

× w_{n− 1}

It is easy to see that for any W the orness (W) is always in the unit interval. Furthermore, note that the nearer W is to an or, the closerits measure is to one; while the nearer it is to an and, the closeris to zero.

Lemma 4 Let us consider the the vectors

W^∗ = (1,0...,0)^T, W_∗ = (0,0...,1)^T, W_A = (1/n, ...,1/n)^T.

Then orness (W^∗) = 1, orness (W_∗) = 0 orness (W_A) = 0.5

Pro of

orness (W^∗) = 1 n − 1

((n − 1)w_1 + ···+ w_{n− 1}) = 1 n − 1

((n − 1) + ···+ 0) = 1.

orness (W_∗) = 1 n − 1

((n − 1)w_1 + ···+ w_{n− 1}) = 1 n − 1

(0+ ···+ 0) = 0.

orness (W_A) = 1 n − 1

�n − 1 n + ···+ 1 n � = n(n − 1) 2n(n − 1)

= 0.5.

A measure of andness is defined as andness (W) = 1− orness (W) Generally, an OWA opeartor with much of nonzero weights near the top willbe an orlike operator, orness (W) ≥ 0.5 and when much of the weights are nonzero near the bottom, the OWA operator willbe andlike operator andness (W) ≥ 0.5.

Example 6 Let W = (0.8,0.2,0.0)^T. Then orness (W) = 1 3 (2 × 0.8+ 0.2) = 0.6 and andness (W) = 1− orness (W) = 1− 0.6 = 0.4.

This means that the OWA operator, defined by

F (a_1,a_2,a_3) = 0.8b_1 + 0.2b_2 + 0.0b_3 = 0.8b_1 + 0.2b_2 where b_j is the j-th largest element of the bag < a_1,a_2,a_3 >, is an orlike aggregation. Suppose we have n appliccants for a Ph.D. program. Each application is evaluated by experts, whoprovidesratings on each ofthe criteria from the set

• 3 (high) • 2 (medium) • 1 (low) Compensative connectives have the property that a higher degree of satisfaction of one of the criteria can compensate for a lower degreeof satisfaction of another criteria. Oring the criteria means fullcompensation and Anding the criteria means no compensation. We illustrate the effect ofcompensation rate on the overall rating: Let us have the followingratings (3,2,1) If w = (w_1,w_2,w_3) is an OWA weight then orness (w_1,w_2,w_3) = w_1 + 1 2 w_2.

Min operator: the overallingrating is min{3,2,1} = 1 in this case there is no compensation, because orness (0,0,1) = 0.

Max operator: the overallingrating is max{3,2,1} = 3 in this case there is fullcompensation, because orness (1,0,0) = 1.

Mean operator: the overallingrating is 1 3 (3 + 2+ 1) = 2 in this case the measure of compensation is 0.5, because orness (1/3,1/3,1/3) = 1/3+ 1/2× 1/3 = 1/2.

An andlike operator: the overallingrating is 0.2× 3+ 0.1× 2+ 0.7× 1 = 1.5 in this case the measure of compensation is 0.3, because orness (0.2,0.1,0.7) = 0.2+ 1/2× 0.2 = 0.3 An orlike operator: the overallingrating is 0.6× 3+ 0.3× 2+ 0.1× 1 = 2.5 in this case the measure of compensation is 0.75,because orness (0.6,0.3,0.1) = 0.6+ 1/2× 0.3 = 0.75 The followingtheorem showsthat as we move weight up the vector we increase the orness, while moving weight down causes us to decreaseorness (W).

Theorem 1 Assume W and W^′are two n-dimensional OWA vectors such that W = (w_1,...,w_n)^T, W^′ = (w_1,...,w_j + ϵ,...,w_k − ϵ,...,w_n)^T where ϵ> 0, j < k. Then orness (W^′) > orness (W).

Pro of. From the definition of the measure of orness we get orness (W^′) = 1 n − 1 � i (n − i)w^′_i = 1 n − 1 � i (n − 1)w_i + (n − j)ϵ− (n − k)ϵ,

orness (W^′) = orness (W) + 1 n − 1 ϵ(k − j).

Sincek > j, orness (W^′) > orness (W). Yager defined the measure of dispersion (or entropy) of an OWA vector by disp(W) = −^�_i w_i lnw_i.

Wecan seewhenusingthe OWAoperator as an averagingoperator Disp(W) measures the degreeto which we use all the aggregates equally. If F is an OWA aggregation with weights w_i the dual of F denoted F̂ , is an OWA aggregation of the same dimention where with weights ŵ_i ŵ_i = w_{n− i+1} .

We can easilyseethat if F and F̂ are duals then disp(F̂ ) = disp(F ) orness (F̂ ) = 1− orness (F ) = andness (F ) Thus is F is orlike its dual is andlike.

Example 7 Let W = (0.3,0.2,0.1,0.4)^T. Then Ŵ = (0.4,0.1,0.2,0.3)^T. and orness (F ) = 1/3(3× 0.3+ 2× 0.2+ 0.1) ≈ 0.466 orness (F̂ ) = 1/3(3× 0.4+ 2× 0.1+ 0.2) ≈ 0.533

An important application of the OWA operators is in the area of quantifier guided aggregations. Assume {A_1,...,A_n} is a collectionof criteria. Let x be an object such that for any criterion A_i, A_i(x) ∈ [0,1] indicates the degreeto which this criterion is satisfied by x. If we want to find out the degree to which x satisfies ”al l the criteria” denoting this by D(x), we get following Bellman and Zadeh. D(x) = min{A_1(x),...,A_n(x)} In this case we are essentially requiring x to satisfy A_1 and A_2 and ... and A_n.

If we desire to find out the degree to which x satisfies ”at least one of the criteria”, denoting this E(x), we get E(x) = max{A_1(x),...,A_n(x)} In this case we are requiring x to satisfy A_1 or A_2 or ... or A_n.

In many applications rather than desiringthat a solution satisfies one of these extreme situations, ”all” or ”at least one”, we may require that x satisfies most or at least half of the criteria.

Drawingupon Zadeh’sconcept of linguisticquantifiers we can accomplishthese kinds of quantifier guided aggregations.

Definition 7 A quantifier Q is called

• regular monotonicallynon-decreasingif

Q(0) = 0, Q(1) = 1, if r^1 > r^2 then Q(r^1) ≥ Q(r^2).

• regular monotonicallynon-increasingif

Q(0) = 1, Q(1) = 0, if r^1 < r^2 then Q(r^1) ≥ Q(r^2).

Monoton linguistic quantifiers.

• regular unimodal if

Q(0) = Q(1) = 0, Q(r) = 1 for a ≤ r ≤ b, r^2 ≤ r^1 ≤ a then Q(r^1) ≥ Q(r^2), r^2 ≥ r^1 ≥ b then Q(r^2) ≤ Q(r^1).

Unimodal linguistic quantifier.

17

1/n2/n3/n

w1w2w3

With a^i = A^i(x) the overall valuation of x is

F^Q(a^1,...,a^n) where F^Q is an OWA operator.

The weights associated with this quantified guidedaggregationare obtained as follows w^i = Q( i n ) − Q(

i − 1 n ), i = 1,...,n.

The next figure graphicallyshows the operation involved in determining the OWA weights directly from the quantifier guiding the aggregation.

Determining weights from a quantifier.

Theorem 2 If we construct w^i via the method above we always get^� w^i = 1 w^i ∈ [0,1] for any function

Q:[0,1]→ [0,1] satisfying the conditions of a regular nondecreasing quantifier. 18

11

Pro of. We first seethat from the non-decreasingproperty Q(i/n) ≥ Q(i − 1/n) hence w_i ≥ 0 and sinceQ(r) ≤ 1 then w_i ≤ 1. Furthermore we see � i w_i =^�_i (Q( i n ) − Q( i n − 1

)) − Q( n n ) − Q( 0 n ) = 1− 0 = 1.

we call any function satisfying the conditions of a regular nondecreasingquantifier an acceptable OWA weight generating function. Let us look at the weights generated from some basic types of quantifiers. The quantifier, for all Q_∗, is defined such that

Q_∗(r) = � � � 0 for r < 1, 1 for r = 1.

Usingour method for generating weights

w_i = Q_∗( i n ) − Q_∗( i − 1 n ) we get w_i = � � � 0 for i < n, 1 for i = n.

This is exactly what we previouslydenoted as W_∗.

The quantifier all.

1111

For the quantifier there exists we have Q^∗(r) = � � � 0 for r = 0, 1 for r > 0.

In this case we get w_1 = 1, w_i = 0, for i ≠ 1.

This is exactly what we denoted as W^∗.

The quantifier there exists. Consider next the quantifier defined by Q(r) = r.

This is an identity or linear type quantifier.

The identity quantifier. In this case we get

w_i = Q( i n ) − Q( i − 1 n ) = i n − i − 1 n = 1 n .

This gives us the pure averagingOWA aggregation operator. Recapitulating using the approach suggestedby Yager ifwe desire to calculate F_Q(a_1,...,a_n) for Q being a regular non-decreasingquantifier we proceed as follows:

• (1) Calculate w_i = Q( i n ) − Q( i − 1 n ), • (2) Calculate F_Q(a_i,...,a_n) =^{n�}_{i=1} w_ib_i

where b_i is the i-th largest of the a_j .

Exercise 1 Let W = (0.4,0.2,0.1,0.1,0.2)^T. Calculate disp(W).

Exercise 2 Let W = (0.3,0.3,0.1,0.1,0.2)^T. Calculate orness (F ), where the OWA operator F is derived from W.

Exercise 3 Prove that 0 ≤ disp(W) ≤ ln(n) for any ndimensional weight vector W.

Exercise 4 Let Q(x) = x^2 be a linguistic quintifier. Assume the weights of an OWA operator F are derived from Q. Calculate the value F (a_1,a_2,a_3,a_4) for a_1 = a_2 = 0.6, a_3 = 0.4 and a_4 = 0.2. What is the orness measure of F ?

Exercise 5 Let Q(x) = √ x be a linguistic quintifier. Assume the weights of an OWA operator F are derived from Q. Calculate the value F (a_1,a_2,a_3,a_4) for a_1 = a_2 = 0.6, a_3 = 0.4 and a_4 = 0.2. What is the orness measure of F ?