3000$ 6000$4500$ 1 10000$130000$60000$ Example 2 Assume someone wants to buy a cheap car. Cheapcan be represented as a fuzzy set on a universe of prices, anddepends on his purse. For instanc e, from the Figure cheap isroughly interpr eted as follows:• Below 3000$ cars are considered as cheap, and pricesmake no real differ ence to buyer’s eyes.• Between 3000$ and 4500$, a variation in the price in-duces a weak preference in favor of the cheapest car.• Between 4500$ and 6000$, a small variation in the priceinduces a clear preference in favor of the cheapest car.• Beyond 6000$ the costs are too high (out of considera-tion). Membership function of ”cheap”.Price does not matter.2

15uA

The membership function ofthe fuzzyset A, big pressure, can be interpreted as (see figure)

• 1 is in the fuzzyset big pressure with grade of membership 0

• 2 is in the fuzzy set big pressure with grade of membership 0.25

• 4 is in the fuzzy set big pressure with grade of membership 0.75

• x is in the fuzzyset big pressure with grade ofmembership 1, x ≥ 5

A(u) = � � � � � � � �

1 if u ≥ 5

1−^{5− u}_4 if 1 ≤ u ≤ 5

0 otherwise

Membership function for ”big pressure”.

The membership function of the fuzzyset B, small volume, can be interpreted as (see figure)

• 5 is in the fuzzyset small volume with grade of membership 0 • 4 is in the fuzzyset small volume with grade of membership 0.25

15vB

• 2 is in the fuzzyset small volume with grade of membership 0.75

• x is in the fuzzyset small volume with grade of membership 1, x ≤ 1

B(v) = � � � � � � � 1 if v ≤ 1

1−^{v− 1}_4 if 1 ≤ v ≤ 5

0 otherwise

Membership function for ”small volume”.

Definition 2 A fuzzy set A is called triangular fuzzy number with peak (or center) a, left width α > 0 and right width β > 0 if its membership function has the following form

A(t) = � � � � � � � 1− (a − t)/α if a − α ≤ t ≤ a 1− (t − a)/β if a ≤ t ≤ a + β 0 otherwise

and we use the notation

A = (a, α,β).

1aa-aa+b

1aa-ab+bb

Triangular fuzzynumber.

A triangular fuzzy number with center a may be seen as a fuzzy quantity ”x is approximately equal to a”.

Definition 3 A fuzzyset A is called trapezoidal fuzzynumber with tolerance interval [a, b], left width α and right width β if its membership function has the following form

A(t) = � � � � � � � � � �

1− (a − t)/α if a − α ≤ t ≤ a 1 if a ≤ t ≤ b 1− (t − b)/β if a ≤ t ≤ b+ β 0 otherwise

Trapezoidalfuzzynumber.

A trapezoidalfuzzynumber may be seen as a fuzzyquantity

”x is approximately in the interval [a, b]”.

ABab

Definition 4 Let A and B are fuzzy subsets of a classical set X. We say that A is a subset of B if A(t) ≤ B(t), ∀t ∈ X. Op erations on fuzzy sets

In this sectionwe extend the classicalset theoretic operations from ordinary set theory to fuzzysets. We note that all those operations which are extensions of crisp concepts reduce to their usual meaning when the fuzzy subsets have membership degreesthat are drawn from {0,1}. For this reason, when extending operations to fuzzy sets we use the same symbol as in set theory. Let A and B are fuzzysubsets of a nonempty (crisp) set X. Definition 5 The interse ction of A and B is defined as (A ∩ B)(t) = min{A(t),B(t)} = A(t) ∧ B(t), for all t ∈ X.

Intersection of two triangular fuzzynumbers. A ∩ B can be interpreted as ”x is closeto a and x is closeto b” Definition 6 (union) The union of A and B is defined as (A ∪ B)(t) = max{A(t),B(t)} = A(t) ∨ B(t), ∀t ∈ X

ABabAnot Aa

Union of two triangular fuzzynumbers. A ∪ B can be interpreted as ”x is closeto a or x is closeto b”

Definition 7 The complement of a fuzzy set A is defined as (¬ A)(t) = 1− A(t)

Fuzzy sets A and ¬ A. A can be interpreted as ”x is closeto a” and ¬ A means ”x is not closeto a” or, in other words ”x is far from a”

Basics of fuzzy decision making

1 Bellman and Zadeh’s principle

• R.A.Bellmanand L.A.Zadeh,Decision-makingin a fuzzyenvironment, Management Sciences, Ser. B 17(1970)141-164.

A classicalMADMproblem can be expressedin a matrix format. A decisionmatrix is an m × n matrix whoseelement x_{ij} indicates the performancerating of the i-th alternative, A_i, with respect to the j-th attribute, X_j :

A_1 A_2 . A_n

X_1 X_2 ... X_n x_{11} x_{12} ... x_{1n} x_{21} x_{22} ... x_{2n} . . . x_{n1} x_{n2} ... x_{nn} The classicalmaximin method is used to select an alternative A^∗ such that

A^∗ = {A_k | min_{1≤ j≤ m} x_{kj} = max_{1≤ i≤ n} min_{1≤ j≤ m} x_{ij} }

Example 3

J ohn Mar y Kate

Mathematics English Histor y 5 8 10 6 6 7 10 7 5 Mary is selected if we use the maximin method, because her minimal performanc e is the maximal.

The overall performance of an alternative is determined by its weakest performance.

A chain is only as strong as its weak est link. The classicalmaximax method is used to selectan alternative A^∗ such that

A^∗ = {A_k | max_{1≤ j≤ m} x_{kj} = max_{1≤ i≤ n} max_{1≤ j≤ m} x_{ij} }

Example 4

J ohn Mar y Kate

Mathematics English Histor y 5 8 10 6 6 7 10 7 5 John or Kate are selected if we use the maximax method, because their maximal performanc es provide the global maximum.

In a decisionprocessthe idea oftrade-offs corresponds to viewing the globalevaluation of an action as lying between the worst and the best local ratings. This occurs in the presenceofconflicting goals,when a compensation between the corresponding compabilitiesis allowed. Averaging operators realize trade-offs between objectives, by allowinga positive compensation between ratings. A typical averagingoperator is the arithmetic mean. In fuzzycasethe values ofthe decisionmatrix are given as degrees of ”how an alternative satisfies a certain attribute”. For each attribute X_j we are given a fuzzy set μ_j measuring the degreesof satisfaction to the j-th attribute.

1098761Mathematics1098761English1098761History

J ohn Mar y Kate

Mathematics English Histor y 5/7 1 1 6/7 5/6 1 1 1 4/5 Bellman and Zadeh’s principle to fuzzy decision making chooses the ”best compromise”alternative using the maximin method: score(A_1) = min{5/7,1,1} = 5/7 score(A_2) = min{6/7,5/6,1} = 5/6 score(A_3) = min{1,1,4/5} = 4/5 score(A_2) = max{score(A_1),score(A_2),score(A_3)} Mary is choosen as the best student. Ifwehavea continuousproblem,which meansthat wehaveinfinite number of alternatives then suppose that C_1,C_2,...,C_n are the membership functionscorespondingto attributes X_1,X_2,...,X_n, respectively. Let x be an object such that for any criterion C_j , C_j (x) ∈ [0,1] indicates the degreeto which this criterion is satisfied by x. If we want to find out the degree to which x satisfies ”al l the criteria” denoting this by D(x), we get following D(x) = min{C_1(x),...,C_n(x)} In this case we are essentially requiring x to satisfy C_1 and C_2 and ... and C_n The best alternative, denoted by x^∗, is determined from the relationship D(x^∗) = max_{x∈X} D(x) This method is called Bellman and Zadeh’s principle to fuzzy decision making. If we desire to find out the degree to which x satisfies ”at least one of the criteria”, denoting this E(x), we get E(x) = max{C_1(x),...,C_n(x)} In this case we are requiring x to satisfy C_1 or C_2 or ... or C_n.

13457C1C21

The first attribute called ”x should be closeto 3” is represented by the fuzzyset C_1 defined by

C_1(x) = � � � � 1− |3− x|/2 if |3− x| ≤ 2 0 otherwise The secondattribute called”x shouldbe closeto 5” is represented by the fuzzyset C_2 defined by

C_2(x) = � � � 1− |5− x|/2 if |5− x| ≤ 2 0 otherwise The fuzzydecisionD is defined by the intersection of C_1 and C_2 and the membership function of D is

D(x) = � � � 1/2(1− |4− x|) if |4− x| ≤ 1 0 otherwise The optimal solution is x^∗ = 4, because D(4) = 1/2 = max_x D(x).

In many applications rather than desiringthat a solution satisfies one of these extreme situations, ”all” or ”at least one”, we may require that x satisfies most or at least half of the criteria.