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ABSTRACT

The containment problem involves checking whether the set of objects satisfying one logical query is necessarily contained in the set of objects satisfying another logical query.  In this paper we are concerned with fuzzy class algebra queries.  These queries involve fuzzy class union, intersection, and difference operators, the binary attribute or relation dot operator, and nested selection operators that contain Boolean expressions involving attribute values and relation counts.  The ability to normalize these class algebra queries to a Sorted Disjunctive Normal Form is crucial to class algebra's ability to organize class definitions and queries into an IS-A classification hierarchy.  In this IS-A hierarchy, it is clear which intersections are included underneath a union, so rules like Pr(A(B)=Pr(A)+Pr(B)-Pr(A(B) are readily obtained from counts of the objects in the union/intersection classes, where the subtracted term is due to the fact that each object identifier in an intersection should only be counted only once.  This permits the creation of a theory of probability which satisfies the laws of Boolean algebra in the presence of axioms.  Previous attempts at such a theory have been stymied by the undecidability of the containment problem for 1st order logic.  Moreover, previous attempts at distributing object-oriented databases were stymied by the lack of clear definitions for class operations such as inheritance and self-reflection.  For class algebra, self-reflection and inheritance can be achieved without sacrificing decidability or computability when count restrictions involve only undotted relations.
INTRODUCTION TO CLASS ALGEBRA

Class algebra has been used as the query language of a distributed object-oriented database system called Cadabia (Buehrer, 1994, 1995, 1996, 1999).  The class algebra query language has no side-effects, but the associated class algebra update language can change the values of attributes, relations, and methods.  These commands are embedded into a Java program, and database queries and updates can be mixed with standard Java code.  Objects, classes, and methods are loaded from any users after logging in to their databases.  All users' binary relations and attributes of the same name are unioned together.

In this paper, we briefly describe the programming environment for the Cadabia API.  Then we discuss the decidability of the containment problem for some kinds of axioms and queries.  Although the Cadabia database does not implement the fuzzy extensions to class algebra, in this paper we show how to solve the containment problem for the fuzzy version, which generalizes the rough-sets version of class algebra that is used in Cadabia.

Table 1: Advantages of Class Algebra Theory
Classical Theory   Advantages of Class Algebra
	Finite Sets 
	O(nm) worst-case time for query on a database with n binary relations and at most m objects in each relation's value.  Normalization can decide containment of one class expression by another for arbitrary databases in exponential time for simple cnt constraints.

	Infinite Sets
	Query and complement are both enumerable in decreasing order of fuzzy values; anytime algorithm is epsilon decidable (Buehrer, 1994).

	Relational Algebra
	Has IS-A hierarchy, inheritance of constraints on attributes, relations, and methods

	Description Logics
	Since complements are computable, can, for instance, express a query to compute the leaves of a tree.  This is more than NP-expressive description logics can express.

	Probability 
	Satisfies Boolean axioms. Does consistent logical inference for probabilities. Can get best decision tree based on information theory.

	Fuzzy Sets and 
Fuzzy Logic
	Integrates fuzzy set theory and fuzzy logic.
Integrates fuzzy and probabilistic reasoning.


CADABIA PROGRAMMING API

The Cadabia database has a standard user interface called Abia Cadabia.  This interface is basically a binary relation editor.  The user must first choose a relationship's domain and range classes.  Then all selected objects in the domain are connected to all selected objects in the range.  If the objects are selected using the mouse, this is equivalent to specifying them by using their object identifiers (oid's).  Since these object identifiers are read-only, the mouse selections result in an explicit list of objects.  Otherwise, an implicit selection may be made by specifying the ranges of certain attribute values, or by specifying the counts of the number of objects in given binary relations.  The implicit sets are "queries", and the queries are used to define relationships which are unioned into an implicit relation.  The value of the implicit relation may change as the attributes and relations of the objects change.
Each user or group has a "home" which is similar to the home in many multi-user operating systems.  He may then traverse binary relations, similar to going into typed subdirectories.  The result of traversing a relation is a selection from the range class.  Each class has superclasses, subclasses, attribute definitions, relation definitions, method definitions, an intent, and an extent.  The intent is the membership function for the class.  It is in the form of an SDNF (Sorted Disjunctive Normal Form), which is a union of intersections of predicates or negated predicates.  The intent is a normalized class algebra query which evaluates to "true", "false", or "unknown" for each object in the database.  The subset of objects which return "true" gives a lower bound, and the subset of objects which return "true" or "unknown" gives an upper bound for the extent of that class.  Thus, each class is associated with a rough set of objects that are members of the class's extent.  A query evaluates to "unknown" if the object does not have some of the relations or attributes mentioned in the query.

Although it has not yet been implemented, a fuzzy version of Cadabia based on vague logic (Gau and Buehrer, 1993) would be quite straightforward.  The addEdges command and the attribute assignment command would have an extra argument giving the evidence in favor of the given relation edges or attribute value.  The rough sets would then be replaced by fuzzy rough sets, where each attribute or relation value has a fuzzy membership [t, 1-f], where t and f are "true" and "false" belief measures in the range [0,1].  For most applications there should not be much overhead using these fuzzy t/f distribution functions rather than Cadabia's rough sets, which still have to record the object identifiers for all objects for which the selection is true or false.  The fuzzy version would also have to remember the true or false evidence values, if any.  

COMPARISONS TO OTHER MODELS OF REALITY
Each mathematical model of reality has certain advantages and disadvantages.  So far, set theory has proven to be very valuable as a description mechanism for almost all scientific models.  However, set theory is based on first-order logic, for which some queries which are only semi-decidable.  Other simpler logics such as propositional logic are decidable, but they are not powerful enough to describe complex systems.  The queries of class algebra provide a nice compromise, with powerful concepts of object-oriented programming, probability, and fuzzy theory combined with an efficient logical inference mechanism.  

Other logics like first-order logic are usually not typed, and these logics generally cannot calculate the superclasses or subclasses of an arbitrary set of objects.  In class algebra, one can easily find superclasses, subclasses, superrelations, subrelations, complement classes, and complement relations, for either implicit or explicit classes and relations.  This makes it possible to quickly locate examples, counterexamples, analogies, isomorphisms, etc.  Needless to say, such a logical reasoning system will be of great value to all fields of research, including artificial intelligence.  It will also be very important for more practical applications like e-commerce, where it is necessary to agree upon common models of reality.

CLASS ALGEBRA/CALCULUS
Like relational algebra with its corresponding relational calculus, class algebra also has a corresponding class calculus.  Like relational algebra, class algebra contains explicit control information about the order in which fuzzy-rough set union, intersection, difference, and join operations are to be performed.  This ordering information is not really necessary since the class operations have no side effects, so any order of evaluating arguments will return the same value, just as for pure lambda calculus expressions.  So the algebra/ calculus dichotomy is really just a functional/relational difference, where Prolog-like relations are simply predicates in first-order logic.  The semantics of fuzzy class algebra can thus either be described in terms of typed lambda calculus expressions or in terms of first-order logic.  In this paper we take the viewpoint that class calculus is a decidable subset of first-order logic whose fuzzy model can be described in terms of class algebra fuzzy union/intersection/ difference/dot/selection operators.

First-order logic is restricted in two ways.  First, class algebra queries involve dotted relations which all implicitly start from "home".  Each of these dotted expressions can be thought of as a unique constant, since there exists some database for which each dotted expression represents a different set of objects.  Informally, this restriction may be thought of as restricting first-order logic to the NP-complete labeling problems, where no function symbols are permitted.  

The second restriction allows us to get rid of the intractability of k-cliques within the equivalence graphs.  Class algebra queries have no complex interdependencies between variables.  That is, even though the binary relations can describe an arbitrary graph, the class algebra queries are not powerful enough to ask NP-complete questions, such as finding the k-cliques in the graph.  The class algebra queries can simply follow specified paths of binary relations, filtering out some of the objects during the traversal of these relations.  A class algebra query can find all of the nodes with at least k sons, but finding a k-clique would require the use of a for-loop, which is not available in class algebra queries.  Class algebra statements, on the other hand, do have for loops, plus all the other capabilities of Java statements.  Class algebra statements in themselves are Turing complete, but we will not concern ourselves with this question in this paper.  In this paper we are mainly concerned with showing that class algebra queries can be put into a sorted disjunctive normal form that allows us to check for containment or equality of the normal forms even when no database is specified.  The normal form containments, in turn, imply the fuzzy subset containments between the extents of the classes. 

CLASS ALGEBRA DEFINITIONS
A class algebra query is either "home", or a range of primitive values, or is defined recursively in terms of one of the following six operators:

Class union:  R @+ S

Class intersection:  R@*S

Class true difference:  R @~ S

Class pseudo difference:  R @- S

Dot operator:  R . <identifier>

Selection operator:  R { ( }

where R and S are class algebra queries and ( is a Boolean expression.  The dot operator and the selection operator should be considered to be functionals rather than functions, since they must call "eval" to evaluate their quoted arguments for each input object which is being tested for membership.  These operators use the environment of class expression R to eval the <identifier> or condition (.
The selection condition ( involves Boolean expressions containing the following predicates:

Syntax                     Meaning
R in S       
cnt(R~S)=0

R hasAll S

cnt(S~R)=0
R equals S
 
R in S && S in R
R hasSome S
cnt(R ( S) ( 0 

<attr_expr> in < range>
cnt(attr~range)=0

where R and S are class expressions and <attr_expr> is an interval-valued  expression.  The <attr_expr> may also include the functions  "cnt(R)"  or  "cnt(R,()", which return sums of evidence for/against R.  For a given object in the database, each predicate P returns an interval [t,1-f], where t is the fuzzy evidence in favor of P, and f is the fuzzy evidence against P.  For a fuzzy predicate P, in a class algebra query such as r.s{cnt(u.v, P)>3}, the cnt function returns the interval [tc,n-fc] where tc is the sum of the fuzzy values of u.v.P (where each oid of u.v is included once), and fc is the sum of the fuzzy values u.v.–P.  The cnt values are assumed to be uniformly distributed between the lower and upper bound.  Each oid in r.s is thus assigned the fuzzy interval [k, k], where k is the fraction of the interval for cnt that satisfies the “>” predicate.  In this example, k= max(min((n-fc-3)/(n-fc-tc),1),0). 

The fuzzy versions of the Boolean operators could be defined using any norms and conorms, but we will use max and min in this paper:

p||q
= [t p||q, 1-f p||q]  
= [max(t p,t q),max(1-f p, 1-f q)]

p&&q 
= [t p&&q, 1-f p&&q]  = [min(t p,t q),min(1-f p, 1-f q)]

-p = [f p, 1-t p]

~p = [1-t p, f p]

Let R' represent the classical set which corresponds to the elements of a fuzzy set R which do not have the interval [0,1] (i.e. total ignorance) or [1,0] (i.e. totally contradictory evidence). The fuzzy class algebra operators are defined as follows, where x is an oid:

Union:  (R @+ S) = { x % [max(tx), max(1-fx)] | x in R'(S'}

Intersection:  (R @* S) = { x % [min(tx), min(1-fx)] | x in R'(S'}

pseudo-complement:  –R = { x% [ fx, 1-tx] | x in R'} 

True-complement:   ~R = { x% [1-fx, tx] | x in R'}

Dot operator:  R.S = { v % [maxu in R (min(t u, t <u,v> in S)), 1- minu in R (max(fu, f <u,v> in S))]}
The means of handling complements is the main trick in getting a 1-1 correspondence between the union/intersection/difference operators and the Boolean and/or/difference operators.  The true complement operator "~" satisfies laws of Boolean algebra such as  x=x~(y~x), x||~x=true, x~x=false, or x= ~ ~ x.  This complement corresponds to the use of the "closed-world assumption", where ~x has belief evidence 1-e if and only if x has evidence e.  Usually, the semantics of relational databases are described by adding in axioms which force the closed-world assumption to be satisfied.  Such rules must also include the unique-name rule, which says that two identifiers of the same name are always equal, while two identifiers with different names are always unequal.  The problem is that such rules are messy, and it is difficult to prove that there is only one model for the axioms, namely, the current state of the database.  

FUZZY INTERPRETATIONS
A class algebra database contains only binary relations.  The first argument of the binary relations must always be an object identifier (i.e. an oid).  Each object identifier is assumed to uniquely identify an object in the current state (i.e. it satisfies the unique name assumption).  If the second argument is a primitive value, the relation represents an attribute, and the second argument is its value.  Otherwise the second argument is an oid, and the predicate represents one edge of the binary relationship which is indicated by the predicate's name.  These binary relationships may be thought of as the object/attribute/value triples of artificial intelligence knowledge representations.  Fuzzy class algebra adds a fuzzy interval to each such triple, as a fourth element.  The fuzzy interval is contained within in the closed interval [0,1].  

Any predicate p with fuzzy evidence "t" also has a pseudo-complement -p with fuzzy evidence "f".  For a class algebra expression (, we use the fuzzy interval [t(,1-f(] to record the evidence "t(" provably supporting (, and the evidence "f(" provably supporting -(.  These two evidences are assumed to be independent, and proofs of either one do not affect the truth of the other, just as in intuitionistic logic (Bonner, 1997).  Thus, -( is independent of the true complement ~(, whose evidence is, by definition, given by the interval [1-t(,f(].  That is, the fuzzy interval for ~( is obtained from the interval for ( by subtracting each bound from 1.  The interval [f(,1-t(] for -( is obtained from ~('s interval by flipping the two bounds.  

Just using the bounds themselves, there would be no way to satisfy the Boolean axioms such as (||~(=true.  However, it can be seen that max((,~()≥0.5 and min((,~()≤0.5.  Also, there are no objects for which both ( and ~( have at least evidence 0.5.    

The above method of computing fuzzy values can be used as a fuzzy interpretation of a database's fuzzy facts and relations.  The fuzzy interpretation can be changed into a traditional interpretation I( by using a (-cut as follows: 

I ( (R{(}) = {x | x(R' & tx{(} ( ( }

Since t(= 1-t~( , either one or the other is greater than (, but not both.  Thus, it is obvious that the following are true:

I0.5 (R{( || ~(}) = I((R)

I0.5 (R{( && ~(}) = (
The normalization process for class algebra expressions will simplify ( || ~( to “true”, and ( && ~( to “false”, which is different than directly using the values computed using the fuzzy norms and conorms.  The normalized expressions will satisfy the Boolean axioms.

SUMMARY AND CONCLUSIONS

Fuzzy class algebra is used to define normalized membership functions for subclasses.  A fuzzy class B is a fuzzy superclass of a fuzzy class C if  tB(x)>tC(x) and fB(x)<fC(x)).  For example, a fuzzy class algebra expression B (e.g. p&&q%0.15 || r&&s%0.4) is fuzzy-subsumed by a class algebra expression C (e.g. p%0.7 || s%0.9).  The fuzzy set of elements is computable in time O(nm) where m is the number of operators and the n is the number of objects in the database.
When the database is not specified, the logical containment between the two class algebra expressions may take NP-time in worst case, since finding the normal form basically involves using resolution to find all of the non-subsumed consequents of the propositional logic formulae for the class definitions and the query.  All of the non-subsumed consequents are computable in NP-complete time. These SDNF consequents label the non-empty nodes of the IS-A hierarchy.  
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