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Abstract

Let G be an undirected graph with nonnegative edge lengths. Given two vertices as
sources and all vertices as destinations, we investigated the problem how to construct
a spanning tree oG such that the sum of distances from sources to destinations is
minimum. In the paper, we show the NP-hardness of the problem and present a polynomial
time approximation scheme. For any> 0, the approximation scheme findgB+ ¢)-
approximation solution in0 (n!/¢+1ly time. We also generalize the approximation
algorithm to the weighted case for distances that form a metric space.
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1. Introduction

Let G = (V, E,w) be an undirected graph with nonnegative edge length
function w. Given k vertices as sources and all vertices as destinations, the
k-source minimum routing cost spanning tigeMRCT) problem is to construct
a spanning treel’ of G such that the sum of distances from sources to
destinations is minimum. That is, we want to find a spanning Treminimizing
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Y ses 2vey dr(s,v), whereS is the set of sources antf (s, v) is the distance
betweers andv onT.

If there is only one source, the problem is reduced tosthertest-path tree
problem, and it is always possible to find a spanning tree such that the path
between the source and each vertex is a shortest path on the given graph. The
shortest-path tree problem has been well studied and efficient algorithms were
developed. For example, Dijkstra’s algorithm [2] finds a shortest path tree for a
graph with nonnegative weights i@ (|V|?) time. The time complexity can be
improvedtoO (|E| + |V|log|V]) by using Fibonacci heaps, and other algorithms
with different considerations can be found in [1]. For undirected graph with
positive integer weights, the most efficient algorithm run®ig E|) time [7].

For the other extreme case that all vertices are sources, the problem is reduced
to the minimum routing cost spanning tr§®RCT) problem (also called the
shortest total path length spanning trpeblem), and is therefore NP-hard [3,5].
The first constant ratio approximation algorithm for the MRCT appeared in [8].

It was shown that there is a shortest path tree which is a 2-approximation of
the MRCT. The approximation ratio was improved @ + ¢) for any fixed

¢ > 0[9], and then further improved togolynomial time approximation scheme
(PTAS) [10].

The optimum communication spanning tré@CT) problem [4] is a more
general version of the MRCT problem. In the OCT problem, in addition to the
edge length, we are also given the requirement for each pair of vertices, and the
goal is to minimize the sum of the distances multiplied by the requirements, over
all pairs of vertices. In [11], two vertex-weighted generalizations of the MRCT
problem were studied; one is tloptimal product-requirement communication
spanning tregPROCT) problem and the other is thgtimal sum-requirement
communication spanning tre@SROCT) problem. In the PROCT problem, the
requirement between a pair of vertices is assumed to be the product of the given
weights of the two vertices; while, in the SROCT problem, the requirement is the
sum of the vertex weights. Both PROCT and SROCT problems are special cases
of the OCT problem. A 1.577-approximation algorithm for the PROCT problem
and a 2-approximation algorithm for the SROCT problem were shown [11].
Furthermore the PROCT problem was shown to admit a PTAS [12].

The k-source MRCT problem is a special case of the SROCT problem, in
which the vertex weight of each source is one and the weights of all the other
vertices are zeros. The relationship of the four problems is shown in Fig. 1.

The k-MRCT problem for generat is obviously NP-hard since it contains
the MRCT problem as a special case. But the previous results do not tell
us the complexity of th&-MRCT problem for a fixed constarit. Since the
k-MRCT problem is a special case of the SROCT problem, the 2-approximation
algorithm for the SROCT problem [11] ensures the same approximation ratio of
the k-MRCT. In this paper, we show that tkeMRCT problem is NP-hard even
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Fig. 1. The relationship of the OCT, PROCT, SROCT, MRCT, &MRCT problems.

for k = 2. We present a PTAS for the 2-MRCT problem. For any 0, the PTAS
finds a solution with approximation ratiofle in O (n/%/¢+11) time.

We also consider a weighted version of the 2-MRCT problem. In the weighted
2-MRCT problem, there is a positive weight of each of the two sources and we
want to minimize the weighted total distance from sources to all vertices, i.e.,
Y vev (Aadr (s1,v) + A2dr(s2, v)), wheresy, sp are source vertices anid, A»
are the weights of the two sources. In this paper, we present a 2-approximation
algorithm for general graphs and a PTAS for metric graphs. A metric graph is
a complete graph with edge weights satisfying the triangle inequality.

The remaining sections are organized as follows: In Section 2, some definitions
and notations are given. The NP-hardness of the 2-MRCT problem is shown in
Section 3, and the PTAS for the 2-MRCT is presented in Section 4. Finally, the
weighted case is in Section 5, and concluding remarks are given in Section 6.

2. Preliminaries

In this paper, a graph is a simple, connected and undirected grap&i. By
(V, E,w), we denote a grapty with vertex setV, edge sett, and edge length
function w. The edge length function is assumed to be nonnegative. For any
graph G, V(G) denotes its vertex set anEl(G) denotes its edge set. Lat
be an edge length function on a gragh For a subgraptd of G, we define
w(H)=w(E(H)) = ZeeE(H) w(e). We shall also use to denotg V (G)|.

Definition 2.1. Let G = (V, E, w) be a graph. Fox, v € V, SP;(u, v) denotes
a shortest path betweenandv on G. The shortest path length is denoted by
dg(u,v) = w(SP;(u, v)).



362 B.Y. Wu / Journal of Algorithms 44 (2002) 359-378

Definition 2.2. Let H be a subgraph ofG. For a vertexv € V(G), we
usedg (v, H) to denote the shortest distance framto H, i.e., dg(v, H) =
min,ey () dg (v, u). The definition also includes the case tifatis a vertex set
but no edge.

We now define thé&-source routing cost of a tree.

Definition 2.3. For a treeT and S c V(T), therouting costof T with source
setS is defined byc(T, S) = Y c5 > ,ev(r) dr (s, v). When there are only two
sources1 andsz, we also use(7, s1, s2) to denote the routing cost.

Lemma 2.1. Let T be a spanning tree off = (V, E, w) and P be the path
betweens; andsz onT. (T, s1,52) =n x w(P) + 2 .y dr(v, P), in which
n=\V|.

Proof. Foranyv € V,dr (v, s1) +dr (v, s2) = w(P)+2d7 (v, P). Summing over
all vertices inV, the result is obtained. O

Once a pathP between the two sources has been chosen, by Lemma 2.1, it

is obvious that the best way to exteRdto a spanning tree is to add the shortest
path forest using the vertices #f as multiple roots, i.e., the distance from every

other vertex to the path is made as small as possible. A shortest path forest can
be constructed by an algorithm similar to the shortest path tree algorithm. First

we create a dummy node and the multiple roots are connected to the dummy
node by edges of zero weight. Then a shortest path tree from the dummy node
is constructed, and the shortest path forest is obtained by removing the dummy
node and dummy edges. The time complexity is the same as the shortest path
tree algorithm. However, the most time-efficient algorithm for the shortest path

tree depends on the graph. In the remaining paragraphs, the time complexity for

finding a shortest path tree/forest of a graphvill be denoted byfsp(G). In this

paper, we consider only undirected graphs with nonnegatice edge weights. For

general graphsfsp(G) is O(|E| + |V|log|V]), and itisO (] E|) for graphs with
integer weights [7]. However, the time complexitydgn?) for dense graphs, i.e.,
the number of edges &n?).

3. The computational complexity

In this section, we show the NP-hardness of the 2-MRCT problem by reducing

theexact cover b-sets(X3C) problem to it.
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Definition 3.1. Given a setX with |X| = 3¢ and a collectionC of 3-element
subsets ofX, the X3C problem asks if there is a subcollecti@hc C such that
every element ok occurs in exactly one member 6f.

Let X ={x;: 1<i <3¢} andC ={Y;: 1<i < m} be an instance of the
X3C problem, in which eacly; is a 3-element subset &f. To reduce the X3C
problem to the 2-MRCT problem, we construct a complete gGph (V, E, w)
as an instance of the 2-MRCT problem. The gr@pleonsists of the following
subgraphs as illustrated in Fig. 2.

e For 1<i <gq, G; is a complete graph with vertex s{at,f: 1<j<m},in
which vij corresponds td’; in C. Every edge irnG; has weight one.

e H is a complete graph with vertex sgt;: 1 <i < 3¢}, in which eachy;
corresponds to one elementXf Every edge inH has weight one.

e Go contains only one vertesq andG, 1 contains only one vertesp.

The weights of edges between the subgraphs are defined as follows:

e ForueV(G)),veV(G;) andi # j, w(u,v) =i — j|.

e Foru; € V(H) andv] € V(Gy), 1<k <gq, w(u;,v}) = L if x; € Y;; and
w(u;, v,{) = L + 1 otherwise, in whiclL > ¢ + 1 is an integer.

o w(u;,s1) =wu;,s2)=L+1foru; e V(H).

Obviously the edge weights satisfy the triangle inequality, &hés a metric
graph. Letn = |V| be the number of vertices @f. We haven =gm + 3¢ +2 =

qg(m + 3) + 2. In the next three propositions, we shall show that there is an exact
cover of the X3C problem if and only if there is a spanning tfeef G such that
c(T,s1,52) =n(g+1)+2(m—1)qg+6gL.

Fig. 2. The transformation of an instance of the X3C problem to an instance of the 2-MRCT problem.
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Proposition 3.1. An exact cover of the X3C problem implies a spanning Trex
G with ¢(T, s1,52) =n(g +1) +2(m — 1)q + 6¢L.

Proof. Suppose that there is an exact cover of the X3C problem. Without loss
of generality, let{Y;: 1 <i < g} C C be an exact cover oX. Let P =

(s1, v}, ug, ey vZ, s2). Construct a spanning tree such thatT containsP and

all the other vertices are connectedRoby the shortest edge tB. Each vertex

in V(G \ {”f} is connected tav;f by an edge of weight one, ford i < ¢. Since

{Y;: 1<i <gq}isanexactcover ok, each vertex irV (H) is connected to some
vertex of P by an edge of weight . By Lemma 2.1,

c(T,s1,52) = nx w(P)+ ZZdT(v, P)
veV

ng+1)+2m—1qg+6gL. O

Proposition 3.2. Let T be a spanning tree off with ¢(T, s1,s2) =n(g + 1) +
2(m — 1)q + 69 L. Then, the pathP betweens; and s, has exactlyy vertices
P1, P2, ..., pg With p; € V(G)).

Proof. First we shall show thapP is a shortest path and(P) = ¢ + 1. Consider
the following two cases.

Casel. P contains a vertex ifv (H). By the definition ofG, w(P) > 2L + 2. By
Lemma2.1¢(T, s1,52) =n x w(P)+2) ", cydr (v, P).
c(T,s1,52) 2 n@2L+2)>2n(g+1+L+2)
=n(@+1+n(L+2
=n(qg+1+29(m+3)+4+ (q(m+3)+2)L
> n(g+1)+2(m —1)q+6qL,

whenm > 3.

Case 2. Assume thatP containsg + k vertices ofl_J,;, V(G;) for anyk > 0.
Since all vertices irV (H) are not on the path, we have

c(T, s1,52)
}nxw(P)+ZZdT(v, P)
veV
>ng+k+D+2 Y > dr@w.P)+2 Y dr(P)
1<i<q veV(G)) veV(H)

>n(g+k+1)+2(gm—(q+k)+23g)L
=n(qg+21)+kn+2q(m—1) —2k+6qL
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>n(g+1)+2(m—1)g+6gL.

For both of the two cases, we have shown thék, s1, s2) > n(g + 1) +
2(m — 1)qg + 6¢ L. Thereforew(P) =¢ + 1. By Lemma 2.1,

c(T,s1,52) = nxw(P)+ ZZdT(v, P)

veV
=ng+D+2 Y Y dr@w.P)+2 Y dr(v.P)
1<i<qveV(Gy) veV(H)

> n(g+1D+2(m—1qg+6qL.

The equality holds if and only if} ;< > cv (G, dr(v. P) = (m — 1)q
and ey dr(v, P) = 3qL. Let P = (po = s1, p1, p2, - .-, 52). The second
equation implies that each vertex W(H) is connected to some vertex &f by
an edge of weighL. That is, for each; € V(H), there existsu;, p;) € E(T)
andw(u;, p;) = L. It also implies that the path contains at leastertices in
addition to the two sources. Then, by P) = ¢ + 1, we have thap; € V (G;) for
1<i<gq. O

Proposition 3.3. Let T be a spanning tree off with ¢(T, s1,s2) =n(g +1) +
2(m — 1)q + 6g L. Then, there exists an exact cover of the X3C problem.

Proof. By Proposition 3.2, the path between the two source® is (po =
s1, p1, p2, ..., s2) With p; € V(G;) for 1 <i < ¢. Consequently there are exact
3 vertices of V(H) connected to eaclp; by edges of weight.. Without loss
of generality, assume that; = v} for 1 < i < ¢. By the definition ofG, for
eachx; € X, there existsY; such that 1< j < ¢ andx; € Y;, which implies
{Y1,Y2,...,Y,} is an exact coverok. O

The next theorem shows the complexity of the problem.
Theorem 3.1. The two-source MRCT problem is NP-hard even for metric inputs.
Proof. By Propositions 3.1 and 3.3, we have shown that the X3C problem can be

reduced to the 2-MRCT problem in polynomial time. Since the X3C problem is
NP-complete [3,6], the 2-MRCT problem is NP-hard even with metric inputs.

4. A PTASfor 2-MRCT

Before showing our PTAS, we give a simple 2-approximation algorithm, and
then generalize the idea to the PTAS.
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Algorithm 1.

Input: AgraphG = (V, E, w) andsy,s2 € V.

Output: A spanning tred” of G.

1. Find a shortest pat® betweers; ands; onG.

2. Find the shortest path forest with multiple rootsVigP).
3. Let T be the union of the forest an@l.

Lemmad4.1. The AlgorithmAl finds a2-approximation of th@-MRCT of a graph
G in fsp(G) time.

Proof. First we show a lower bound of the optimum. Létbe the optimal tree
of the 2-MRCT problem with inpuG andsq, s2. Sincedy (v, s;) > dg (v, s;) for
any vertexv andi € {1, 2},

c(¥,s1,52) 2 Y _(d (v, 51) + dG (v, 52)). 1)
veV
By Lemma 2.1, we have
c(Y, 51, 52) > ndg(s1, 52). (2)

By Egs. (1) and (2), we have

1
(¥ 51.52) > 5 Xv:(dc(v, $1) +dg(v,52)) + 5dG (51, 52). 3)
Let T be the tree constructed by Algorithm Al aidbe the shortest between
s1 andsz. Since each vertex is connectedRoby a shortest path to any of the
vertices of P at Step 2, for any vertex,

. 1
dr (v, P) <min{dg (v, s1). dG (v, s2)} < E(dc(v,ﬂ) +dc (v, 52)).
By Lemma 2.1,
c(T,s1,520) = nx w(P)+ ZZdT(v, P)

veV

< ndg(s1,52) + Y _(de (v, 51) + dg (v, 52)).

Comparing with Eqg. (3), we have(T, s1,s2) < 2¢(Y,s1,s2) and T is a 2-
approximation of the 2-MRCT.

As mentioned in Section 2, the shortest path forest can be constructed by an
algorithm similar to the shortest path tree algorithm. The total time complexity is
dominated by the time of the shortest path tree algorithm, whigha&G). O

As mentioned in Section 1, the 2-MRCT is a special case of the SROCT
problem. By the result in [11], the 2-MRCT can be approximated with error
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ratio 2 and time complexity) (n2). The simple algorithm ensures the same error
ratio and is more efficient in time. The ratio shown in Lemma 4.1 is tight in
the sense that there is an instance such that the spanning tree constructed by
the algorithm has routing cost twice as the optimum. Consider the complete
graph in whichw (v, s1) = w(v, s2) = 1 andw(s1, s2) = 2 for each vertex. The
distance between any other pair of vertices is zero. At Step 1, the algorithm may
find edge(s1, s2) as the pathP, and then each other vertex is connected to one
of the two sources. The routing cost of the constructed tree is 4. On the
optimal tree, the path between the two sources is a two-edge path, and all other
vertices are connected to the middle vertex of the path. The optimal routing cost
is therefore 2. The increased cost is due to missing the vertex on the path. The
existence of the vertex reduces the cost at an amount Bj for each vertex.

The worst case instance of the simple algorithm give us the intuition to improve
the error ratio. To reduce the error, we may try to guess some vertices of the
path. Letm be a vertex of the path between the two sources on the optimal tree,
andU be the set of vertices connected to the path atf the path P found in
Step 1 of the simple algorithm includes, the distance from any vertex
to each of the sources will be no more than the corresponding distance on the
optimal tree. In addition, the vertex partitions the path into two subpaths. The
maximal increased cost by one of the vertices is the length of the subpath instead
of the whole path. Our PTAS is to guess some of the vertices of the path, which
partition the path such that the number of vertices connected to each subpath is
small enough. We now describe the PTAS and the analysis precisely.

In the remaining paragraphs, |1&t be the 2-MRCT ofG = (V, E, w) and
n=1V|. Also letP = (p1 = s1, p2, p3, ..., pr» = s2) be the path between and
s2 onY. DefineV;, 1<i < h, as the set of the vertices connectedtat p;, and
alsop; € V;. Letk > 0 be an integer. For § i < k + 1, definem; = p; in which
J is the minimal index such that

> s firts)
1<9<)

By definition, s1 = mg and sp = mgy1. For 0< i <k, let U; = Ua<j<b Vi

and P; be the path fronp, to p;, in which p, = m; and p, = m;41. Also let

U = V\Uogi<x Ui andM = {m;: 0<i < k+1}. Note that the above definitions
include the casen; = m; 1. In such a casepP; contains only one vertex and

U; is empty. The definitions are shown in Fig. 3. By the above definitions, the
vertex setV is partitioned intalU, Uy, U1, ..., Ui satisfying the properties in the
following lemmas.

Lemmad4.2. Foranyv e U, dg(v, M) <dy (v, P).

Proof. Letv € V;. Sincep; = m  for somej,
dy(v, P) =dy(v, pi) 2dc(v, pi) =dg(v,mj) > dc(v,M). O
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Fig. 3. The definitions of the partition of the vertices.

Lemmad.3d.}" .y dc(v, M) <} oy dy (v, P)+ mw(ﬂ-) forany0 <i <k.
Proof. Foranyv e V; C U;,
1
dg(v, M) < E(da(v,mi)+dc(v,mi+1))

1
< 5((dy(v, P) +dy(m;, pj)) + (dy (v, P) +dy(pj, mi;1)))

1
dy (v, P) + EdY(mi,miH)

1
= dy(v, P) + Ew(Pi)-

Since|U;| < n/(k + 1), we have

1
Y dow. M) < §:(m4mp)+§wum)

veU; veU;
n
< dy(v,P)+ ———w(P;). O
g;’“’)+2w+nw(”

The vertex setM is defined to partition the vertices into small pieces. Our
goal is to correctly guesai, mo, ..., my and construct a tre¥ spanning these
vertices along with1 andsy, with the property thadx (v, s1) +dx (v, s2) < w(P)
for anyv € V(X). Once such a tre& has been constructed, we extend it to a
spanning tred’ by adding the shortest path forest with verticed/iaX) as the
multiple roots. In the next lemma, we show tiTats a(%)—approximation.
Lemma4.4. Let X be a tree spannin@g/ anddx (v, s1) + dx (v, s2) < w(P) for
anyv € V(X). The spanning tre&, which is the union ok and the shortest path
forest with vertices irV (X) as the multiple roots, is a’k‘%)-approximation ofthe
2-MRCT.

Proof. By definition, the vertices:1, mo, ..., my partition the vertex sev into
(U, Ug, Us, ..., Uy) and the subsets satisfy the properties in Lemmas 4.2 and 4.3.
Sincedy (v, s1) + dx (v, s2) < w(P) foranyv € V(X), we have
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(T, s1.52) = Y _(dr(v.s1) +dr (v, s2))

veV

< ) (2dr (v, X) +w(P))

veV

=nx w(P) —I-ZZdT(U,X)

veV

<nxwP)+2) dr.X)+2 Y > dr(w.X). (4)

velU 0<i <k veU;

Sincedr (v, X) =dg (v, X) < dg(v, M) foranyv € U, by Lemma 4.2, we have
> dr,X) <Y dg(v, M)< Y dy(v, P) (5)
velU velU velU

Similarly dr (v, X) < dg (v, M) for anyv € U;, and, by Lemma 4.3, we have

DD drw,X) < Y (Zdy( 2(k+l) (Pz-))

0<i<k vel; 0<i<k “wel;

Z Zdy(v 2(k+1) w(P). (6)

0<i<kvel;

By Egs. (4)—(6),
o(T,s1,82) < nxw(P)+2Y dy(w,P)+2 Y > dy(v,P)

vel 0<i <k vel;
+ mw(P)
< kiin x w(P) + ZZdy(v, P)
veV
)

sincec(Y,s1,52) =n x w(P)+2) .y dy(v, P) by Lemma2.1. O
The PTAS is listed below.

Algorithm 2.

Input: A graphG = (V, E, w), s1,s2 € V, and an integek > 0.

Output: A spanning tred” of G.

For eachk-tuple (m1, mo, ..., my) of not necessarily distinct vertices, use
the following steps to find a spanning tréeand output the tree of
minimal routing cost.
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1. Letmg=s1andmyiq1 = s2.
2. Find a treeX by the following substeps:
2.1. Initially X contains only one vertexg. /* § =0. */
2.2. Fori =0tok do
2.3. Find any shortest pat@d from m; to m; ;1.
Let O =(qo=mi,q1,...,qn =m;+1).
24, Forj=0toh —1do

LetX = X.
2.5. Add edge(g;,gj+1) to X. [* 6 =8 +w(qj,qj+1). */
2.6. If X contains a cyclgéag =g;+1,a1, a2, ...,q;,a0) then
2.7. [Case 1.lgj11 € V(SPg(s1,4))):

delete the edgéuy,, ap+1) such that botllx (ag, ap) and
dx (ap+1, ap) are no more than one half of the cycle length.
2.8. [Case 2.)yj1+1 ¢ V(SPx(s1,q;)): delete edg€ao, a1).
3. Find the shortest path forest spanniigG) with all vertices inV (X)
as the multiple roots.
4. LetT be the union of the forest and.

The properties o constructed at Step 2 are shown in the next lemma.

Lemma 4.5. Suppose thati1,m»,...,m; bek vertices such thaP connects the
consecutiven;. The graphX constructed at Steg is a tree anddy (v, s1) +
dx (v, s2) < w(P) foranyv € V(X). Furthermore it take®) (kn?) to constructX .

Proof. Starting from a single verteX is repeatedly augmented edge by edge.
As in the comment of Step 2.5, I&be the total weight of all edge had been added
to X so far. WhenX is completed,

8= SRs(mi,miy1) <) w(P;)=w(P)

It is sufficient to show that the following two properties are kept at the end of
Step 2.8.

e Xisatree.
o dx(v,s1)+dx(v,qj+1) < é forany vertex € V(X) so far, wherdg;, g;4+1)
is the last edge added 0.

Initially the properties are true sincE contains only one vertex. To avoid
confusion, letX denote the constructed tree before edgeq ;1) is added, and

X denote the tree at the end of Step 2.8. Similarlylahds be the value before

and after adding the edge respectively. It is obvious haémains a tree iX is

a tree, since it is connected and contains no cycle. If the edge does not cause a
cycle, the second property is also straightforward. Now we consider that there is
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(@) ®)

Fig. 4. Removing an edge from the cycle.

acycle(ao=g;j11,a1,az2,...,q;,a0). Let X; C V(X) denote the set of vertices
which are connected to the cycleat(Fig. 4).
Suppose that, for any vertexc V (X),

dx (v, s1) +dx (v, qj) < 3. (7
We shall show that
dx(v,s1) +dx(v,qj+1) <8+ w(qj,qj+1) = . (8)

There are two cases.

Casel. gj+1 € V(SPx(s1,4/)), i.e.,s1 € Xo (Fig. 4(a)). First we show that the
edge(ap, ap+1) always exists and can be found by traveling the cycle. Starting
from ag, we travel the cycle and compute the distance fegne can always find
vertexap such thatw(ag, a1, ..., ap) < L/2 andw(ag, a1, ..., ap, ap+1) > L/2,
wherelL is the cycle length. After removing eddey, ap+1), dx(ao, ap) < L/2
anddy (ap+1, ao) < L/2. Itimplies that, for any vertex; on the cycle,

dx(ai,qjy1) < 7 9

If v € Xo, both the distances from to s; and g;41 do not change, and
dx(v,qj+1) < dx(v,q;). Therefore Eq. (8) is true.
Otherwise, assumev € X;, dy(v,s1) = dx(v,a;)) + dx(ai.qj+1) +
dz(qj+1, s1) anddx (v, g;) = dx (v, a;) + dx(a;, q;). By EQ. (7), we have
dx(v, s1) +dx (v, q;) <6,
2d5(v, a;) +dx(ai, qj+1) + dx(gj+1, s1) +dx(ai, q;) <8,
2d5(v,ai) + (L — w(qj, qj+1) + dx(qj+1.51) <6,
2d5(v,a;) + L +dx(qj+1,51) < 6.
By Eg. (9),

dx(v,s1) +dx(v,qj+1) = 2dx(v,a;) + 2dx(a;, qj+1) +dx(gj+1,51)
< 25 (v, a) + L +dg(qjy1,51) <8
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Case2. gj11¢ V(SPx(s1,4;)) (Fig. 4(b)). In this case eddeo, a1) is removed.
If v ¢ Xo, dx (v, s1) =dx(v,s1) anddx (v, gj+1) =dx(v,q;) +w(g;,qj+1). BY
Eq. (7), Eq. (8) is true.

Otherwisev € Xg. Assumesi € X;. dx(v, s1) = dx (v, ao) + dx(ao, a;) +
dx(a;, s1) anddz (v, q;) = dx (v, ao) + dx(ao. q;). By EQ. (7),

dx (v, s1) +dx (v, q;) <6,
2dx(v, ag) + dx(ai, s1) + dx(ao, a;) + dx(ao, q;) <8,
2d% (v, aop) + dx(ai, s1) + dx(ao, a;) + L < 6.

The last step is obtained bl (ao, ¢;) + w(g;, gj+1) = L. We have

dx (v, s1) +dx(v,qj+1) = 2dx(v, ao) +dx(ao, a;) + dx(a;, s1)
< 2dx(v,a0) + L +dx(a;, s1) < 6.

We have shown Eqg. (8) for both of the cases. By inductidn(v, s1) +
dx (v, s2) < w(P) foranyv € V(X) at the end of Step 2. The number of vertices
onthe patls Pg (m;, m;11) is at mostO (n). For each vertex on the path, we check
if it causes a cycle and remove an edge from the cycle if it exists. All these can be
done inO (n) time. Consequently the time complexity@kn?). O

The main result of this section is concluded in the next theorem.

Theorem 4.1. The2-MRCT problem admits a PTAS. For any constant 0, a
(1 + &)-approximation of th-MRCT of a graphG can be found in polynomial
time. The time complexity 8 (nY/¢+11) for 0 < ¢ < 1, and fsp(G) for e = 1.

Proof. Foranye > 0, we choose an integér= [1/¢ — 17 and run Algorithm A2.
Fore > 1, i.e.,k =0, the algorithm is equivalent to Algorithm Al and finds a 2-
approximation infsp(G) time.

ForO0<e <1, i.e.,k > 1, the algorithm tries each possibtetuple in each
iteration. There exists k&tuple (m1, mo, ..., mg) which partitions the vertex set
Vinto (U, Uy, Uy, ..., Uy) and the subsets satisfy the properties in Lemmas 4.2
and 4.3. By Lemma 4.5 and Steps 3 and 4, the oulpit¢ a tree and therefore
feasible. Also by Lemma 4.%ix (v, s1) + dx (v, s2) < w(P) for anyv € V(X).
Then, by Lemma 4.4, the spanning tréeconstructed at Step 4 is (:{ﬁ)—
approximation of the 2-MRCT. The number of all possiblauples isO (n¥) for
constantk. Similar to the proof of Lemma 4.1 and by Lemma 4.5, each iteration
takesO (kn?) time. The time complexity of the algorithm is therefadgn*t2).
That is, the ratio i§t? = 1+ &, and the time complexity i® (n[%/¢+11), which
is polynomial for constard. O
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5. Theweighted 2-MRCT problem

In this section, we consider the weighted 2-MRCT. That is, we want to
minimize )" .y (A1dr(s1,v) + A2dr(s2,v)), in which A1 and A, are given
positive real number. Without loss of generality, we define the objective function
asc(T,s1,52, 1) =), cy (Adr(s1,v) +dr(s2, v)), in whichA > 1. First we shall
consider the case that the input is a general graph, and give a 2-approximation
algorithm. Then we show that the problem admits a PTAS if the input is restricted
to metric graphs.

5.1. On general graphs

First we present the 2-approximation algorithm for general graphs. Basically
each vertex is greedily connected to one of the two sources, and then the two
sources are connected by a shortest path.

Algorithm 3.

Input: A graphG = (V, E, w), s1,s2 € V, and a numbex > 1.

Output: A spanning tred” of G.

1. Foreachv eV,
computeD;(v) = (A + D)dg (v, s1) + dG (51, 52);
computeD2(v) = (A + Ddg (v, 52) + Adg (51, 52).

Let Z1 = {v| D1(v) < D2(v)} andZ> =V \ Zq;

3. For eachz;, with s; as the root, find a shortest-path tfEe
spanning all vertices af;.

4. Find a shortest pat? = SP;(s1, 52).
LetQ =(q0=151,91.92,....4},qj+1,...52) inwhichg; 1 is the first
vertex not inZ.

5. T=T1UT,U(gj,q+1).

N

Before showing the performance of the algorithm, we show the correctness of
Step 3.

Lemma5.1. At Step3, 7; exists and is a shortest path tree.

Proof. It is sufficient to show that, for each vertexc Z; and Q = SP; (v, s;),
V(Q) C Z;. We show the case= 1. The other case can be shown similarly. Since
vEZ,

(A +1Ddg (v, s1) +dg(s1,52) < (A + Ddg (v, 52) + Adg (51, 52)
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Foranyu € V(Q), dg (v, s1) =dg (v, u) + dg(u, s1) anddg (v, s2) < dg (v, u) +
dg(u, s2). Therefore,(A + 1)(dg (v, u) + dg(u, s1)) + dg(s1,52) < (A + 1) x
(dg(v,u) +dg(u, s2)) + Adg(s1, s2). Then

(A +Ddg(u, s1) +dg(s1,52) < (A + Ddg(u, s2) + Adg (s1, 52).

Itimpliesthatu e Z;. O

Lemma5.2. Let T be the tree constructed at StBpThe path between ands»
onT is a shortest path. That igy (s1, s2) = dg(s1, 52).

Proof. Since T1 is shortest path tree angl; is a vertex onTy, dr(s1,q;) =
dg(s1,q;). Similarly dr(s2,g;11) = dg(s2,q;+1). Therefore dr(s1,s2) =
dr(s1,qj) + w(gj,qj+1) +dr(qj+1.52) =w(Q) =dg(s1,52). O

The approximation ratio and the time complexity are shown in the following
theorem.

Theorem 5.1. For a graph G, Algorithm A3 finds a 2-approximation of the
weighted2-MRCT with time complexitysp(G).

Proof. Similar as the proof of Lemma 4.1, the time complexity is dominated by
the shortest path tree and thereforefée(G). We shall show that the algorithm
finds a 2-approximation of the optimal. L&t be the optimal tree an@® be

the path froms; to s on Y. Let fi(v) = dy(v, s1) — dy(v, P) and f>(v) =

dy (v, s2) — dy (v, P) for each vertex. By the definition of routing cost, we have

c(Y,s1,52,0) =Y (4 Ddy (v, P) + A1) + f2(v)). (10)

veV
By Lemmas 5.1 and 5.2, each vertex is connected to either s> by a shortest
path, anddr (s1, s2) = dg(s1, s2). Consider the cost in the case that vertex
is connected ta; by a shortest path. Sine#; (v, s1) < dy (v, P) + f1(v) and
dg(s1,52) Sw(P) = f1(v) + f2(v), we have
(A +Ddg(v, s1) +dg(s1, 52)
<A+ Ddy, P) + (A +2) f1(v) + f2(v)
= Ady (v, s1) + dy (v, 52) + 2f1(v). (11)
That is, the cost is increased by at mogi@). Similarly, in the case that is
connected t@, by a shortest path, we have
(A +Ddg (v, s2) + Adg (51, 52)
< (A + Ddy(v, P) +Af1(v) + (2h + 1) f2(v)
= dy (v, s1) + dy (v, 52) + 2Af2(v). (12)
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The cost is increased by at mostf2(v). Since the costdr (v, s1) + dr (v, s2) IS
the minimum of the costs in the two cases,

(A1 (v, s1) +dr (v, 52)) — (Ady (v, 51) + dy (v, 52))
<min{2f1(v), 2 f2(v)}. (13)
By taking a weighted mean of the two numbers in Eq. (13), we have
2
A2 4+1
= Z—A(kfl(v) + f2(v))
A2 4+1
Af1(v) + f2(v). (14)
The last step is obtained by Z 12 + 1 sincex? + 1 — 21 = (A — 1)2 > 0.
By Egs. (13), (14), and summing over all vertices,

o(T, 51,52, 1) — (Y. 51,52, ) < Y_ (M) + f2(v)).
veV

Comparing with Eq. (10), we hav&T, s1, s2, A) < 2¢(Y, 51, s2, A), and therefore
the approximation ratio is 2.0

min{2f1(v), 2 f2(v)} <

1
(2f1(w)) + m(Zkfz(v))

N

5.2. On metric graphs

A metric graph is a complete graph and the edge weights satisfy the triangle
inequality. In this subsection, we present a PTAS for the weighted 2-MRCT on
metric graphs.

The main idea of the PTAS for the weighted case is similar to the unweighted
one. We also try to guessvertices of the path between the two sources on the
optimal tree. But the algorithm is more simple since the input is a metric graph,
which means that the edge between any pair of vertices is a shortest path. The
algorithm is listed below.

Algorithm 4.

Input: A metric graphG = (V, E, w), s1,s2 € V,anumben > 1, and

an integerk > 0.

Output: A spanning tred” of G.

For eachk-tuple (m1, mo, ..., my) of not necessarily distinct vertices, use
the following steps to find a spanning tréeand output the tree of
minimal costc(T, s1, s2, A).

1. Letmo=s1 andmy1 = s2.

2. Construct pathiQ = (mg, m1, ..., my+1) and setl’ = Q.

3. For each vertex,

4, find m; such thatx + 1)w(v, m;) + Adg(m;, s1) +do(m;, s2) is



376 B.Y. Wu / Journal of Algorithms 44 (2002) 359-378

minimum, choosing the smaller index to break the tie;
5. insert edgdm;, v) into T.

In the remaining paragraphs, we shall use the following notations/ betthe
optimal tree and® be the path from; to s, onY. As defined in Section 4, |éf =
{mo =s1,m1,ma, ...myg, mp+1 = s2} be a set of not necessarily distinct vertices
of V(P), which partitionsV into U, Up, U, ..., Uy such thaiU;| < n/(k + 1).
The definitions ofP;, V; are also the same as in the previous section. Since the
algorithm tries all possiblé-tuples and output the best of found trees, we may
assume that is the tree constructed by choosing the cormdct

Lemmab5.3.) .,y (Adr(v,s1) +dr(v,52)) <Y cyAdy (v, 51) +dy (v, 52)).

Proof. By definition, U is the set of the vertices which is connectedRoat
a vertex inM. Sincew(m;, m;+1) < w(P;) for eachi, dr(m;, s1) < dy(m;, s1)
anddr (m;, s2) <dy(m;, s2). Foranyv € V; C U, sincep; e M,
Ardr (v, s1) +dr (v, 52)
= mjn{(k +Dw, m;) + Adr(mj, s1) +dT(mj,sz)}
J

<min{(x + Ddy (v, m;) + Ady(mj, s1) + dy (m;, s2)}
j

< (A + Ddy (v, pi) + Ady (pi, s1) +dy (pi, s2)
= Ady (v, s1) +dy (v, 52).
The result is obtained by summing the inequality over all verticd$.of O

Lemmab5.4. ) . (Adr (v, s1) +dr(v,52)) < 3, e, (Mdy (v, 51) +dy (v, 52)) +
2n X

k—Hw(P,).

Proof. As inthe proof of Lemma 5.317 (m;, s1) < dy (m;, s1) anddr (m;, s2) <

dy (m;, s2) forany 0< i <«k.

For anyv € U;, by definition, it is connected to some vertex Bf on the
optimal treeY. If v is connected ton; on T, the distance fromv to 51 is no
more than that o, and the distance fromto s> is increased by at mosug P;)
because, by the triangle inequality,

dr(v,s2) —dy(v,s2) = w(v,m;) +w(P;) —dy(v,mj41)
< dy(v,m;) —dy(v,mit1) +w(P;) < 2w(F).
That is,

A+ Dw, m;) + Adr(m;, s1) + dr(m;, s2)
< Ady (v, 51) +dy (v, 52) +2w(P;).



B.Y. Wu / Journal of Algorithms 44 (2002) 359-378 377

Sincev is connected to some; to make the cost as small as possible, the cost
on T is no more than the one in the above case. Therefore

Adr (v, s1) +dr (v, 52) < Ady (v, 1) +dy (v, s2) + 2w(FP;).

Summing over all vertices itv;, since|U;| < n/(k + 1), we have

D (rdr (v, s1) +dr(v,s2)) = Y (Ady (v, 51) +dy (v, 52))

veU; velU;

Z 2w(P;) < w(P) O (15)

veU;

Theorem 5.2. The weighte@-MRCT problem on metric graphs admits a PTAS.
For anye > 0, a (1 + &)-approximation of the optimal can be founddn(n?/¢1)
time.

Proof. By Lemmas 5.3 and 5.4 and thaty, s1, s2, A) > n x w(P), we have
c(T, s1,52,A) —c(Y, 51,52, A)
=Y (Mdr(v,s1) +dr (v, s2) — (Ady (v, 51) + dy (v, 52)))

velU
+ Z Z (de(v, s1) +dr (v, s2) — (kdy(v, s1) +dy (v, sz)))
0<i<kveU;
2 (P) < 2 (04 9]
P)y=——w < c(Y, s1,52, ).
O<z<kk+l k+1 k+1

ThereforeT is a(%ﬁ)-approximation of the weighted 2-MRCT. The number
of all possiblek-tuple is O (n*) for constantk. Apparently each iteration takes
O (kn) time. The time complexity of the algorithm &(z**1). For anye > 0, we
choosek = {% — 17. The approximation ratio is & ¢ and the time complexity is
on?y. o

6. Concluding remarks

An interesting problem is the computational complexity ofkkeource MRCT
for any fixedk. By the NP-hardness of 2-MRCT, we may easily show that the
k-MRCT problem is also NP-hard for any fixed even numbet 2. For an
instance of the 2-MRCT problem, we duplicajecopies of the two sources.
If there is a polynomial time algorithm for theeMRCT, it can also solve the
2-MRCT problem in polynomial time. However, we did not find any obvious
reduction for fixed odd.
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The main question left in the paper is how to improve the approximation ratio
for the weighted 2-MRCT of a general graph. By the previous result for the
SROCT problem, thé-MRCT admits a 2-approximation algorithm for arbitrary
k and for both weighted and unweighted cases. The 2-approximation algorithm in
Section 5 only improves the time complexity. Although there is a PTAS for metric
graphs, we did not find a similar result for general graphs.
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