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1 IntroductionMany problems arising in arti�cial intelligence and operations research can be formulated ascombinatorial problems. A combinatorial problem can be a constraint satisfaction problem ora combinatorial optimization problem. A constraint satisfaction problem involves a set of nvariables, a domain of values, and a set of constraints on the variables. A solution to sucha constraint satisfaction problem is an n-tuple of assignments of domain values to variablessuch that all the constraints in the problem are satis�ed. Usually, either a single solutionor all solutions are sought. A combinatorial optimization problem can be viewed as a con-straint satisfaction problem, which is further subject to an object function (a maximization orminimization function). Familiar problems that can be formulated as combinatorial problemsinclude boolean satis�ability: deciding whether a boolean formula is satis�able; subgraph iso-morphism: given two graphs, deciding whether one graph is isomorphic to a subgraph of theother one; graph coloring: using the fewest number of colors to color a graph so that adjacentvertices have di�erent colors; and so on.Combinatorial problems are often speci�ed declaratively in logic programs with constraintsover �nite domains. This paper will examine in particular the class of programs whose con-straints involve only comparison operators (=, 6=, >, �, <, �). These logic programs are usu-ally solved by tree search algorithms: backtracking [4, 5, 27, 32], intelligent backtracking [2, 20],forward checking, looking ahead, or branch and bound algorithms [36]. The performance ofthe tree search algorithms depends heavily on the evaluation order among domain-value gener-ators and among constraints [14, 29], and the instantiation order of domain values to variables,that is, the order in which domain values are generated by generators [11]. For ordering theevaluation among generators and constraints, existing logic programming systems either dy-namically order the evaluation of subgoals [2, 4, 5, 20, 27, 36], which will inevitably incursome runtime overhead, or use very primitive information for static ordering [32], which onlyachieves restricted bene�ts. For ordering the instantiation of domain values to variables, noexisting system supports this feature yet. This paper presents several program transformationtechniques for statically planning the subgoal evaluation order and the instantiation order ofdomain values to variables. These techniques allow automatic transformation of declarativelyspeci�ed programs into more e�cient programs. The techniques are based on the informationabout the number of solutions of constraint satisfaction problems. Moreover, knowledge aboutthe number of solutions of constraint satisfaction problems can also be applied to reduce thedomain of variables, and control process granularity and schedule processes among processorsin parallel or distributed systems. 1



The decision versions of many constraint satisfaction problems, such as boolean satis�-ability, subgraph isomorphism, and graph k-colorability, that decide whether there exists asolution satisfying all the constraints in the problem are NP-complete [6, 18]. Thus if P 6= NP,there is no polynomial time algorithm for computing the number of solutions for constraintsatisfaction problems. Rivin and Zabih [31] have proposed an algorithm for computing thenumber of solutions for constraint satisfaction problems by transforming a constraint satis-faction problem into an integer linear programming problem. If the constraint satisfactionproblem has n variables and m domain values, and if the equivalent programming probleminvolves M equations, then the number of solutions can be determined in time O(nm2M�n).We are interested in �nding algorithms for computing an upper bound on the number ofsolutions for constraint satisfaction problems over �nite domains of discrete values. This paperpresents a simple approximation algorithm based on the greedy method. The basic idea ofthis algorithm is to reduce recursively a constraint satisfaction problem involving n variablesinto a constraint satisfaction problem involving n � 1 variables. Through the reduction, thenumber of solutions of the constraint satisfaction problem involving n� 1 variables is made tobe an upper bound on the number of solutions of the constraint satisfaction problem involvingn variables. Based on this simple algorithm, a class of 
exible polynomial time approximationalgorithms is also developed. A user can choose the appropriate algorithm according to speci�ce�ciency and precision requirements. These algorithms are particularly useful for programswhose constraints are explicitly expressed as a set of constraints involving comparison opera-tors. In general, it is very di�cult to infer nontrivial number of solutions information for thisclass of programs without considering the net e�ects of the set of constraints. Estimation ofthe number of solutions for this class of programs has not been addressed in previous work[9, 28, 33, 38].The remainder of this paper is organized as follows. Section 2 formalizes the problemof computing the number of solutions for constraint satisfaction problems and reduces thisproblem into a graph-theoretical problem that counts the number of cliques in a graph. It thenderives a nontrivial upper bound on the number of cliques in a graph and presents a simpleapproximation algorithm for estimating the number of cliques in a graph based on the derivedupper bound. It �nally investigates a number of methods for improving the estimation precisionand gives the experimental performance of the described algorithms. Section 3 presents severalprogram transformation and optimization techniques and provides experimental measurementsof applying these techniques to a set of benchmark programs. Finally, Section 4 concludes thispaper. 2



2 Number of Solutions of Constraint Satisfaction ProblemsIn this paper we only consider the following class of binary constraint satisfaction prob-lems (binary CSPs): a binary CSP involves a �nite set of variables x1; : : : ; xn, a �nite domainof discrete values d1; : : : ; dm, and a set of unary or binary constraints on variables, namely,constraints involving only one or two variables. A solution to such a CSP is an n-tuple ofassignments of domain values to variables such that all the constraints in the problem aresatis�ed. The approximation of n-ary CSPs (i.e., with constraints involving n variables) bybinary CSPs is discussed in [26]. Hereafter we will assume every CSP is a binary CSP unlessotherwise mentioned.2.1 Number of Solutions and Number of N-cliquesThe set of constraints on variables can be represented as a graph G = (V;E), called a con-sistency graph. Each vertex vi;j in V denotes the assignment of a value dj to a variable xi,written xi  dj, for 1 � i � n and 1 � j � m. There is an edge hvp;g; vq;hi between twovertices vp;g and vq;h if the two assignments xp  dg and xq  dh satisfy all the constraintsinvolving variables xp and xq. The two assignments are then said to be consistent. The setof vertices Vi = fvi;1; : : : ; vi;mg corresponding to a variable xi is called the assignment setof xi. The order of a consistency graph G is (n;m) if G corresponds to a CSP involving nvariables and m domain values. Because two distinct values cannot be assigned to the samevariable simultaneously, no pair of vertices in an assignment set are adjacent. Therefore, theconsistency graph of a CSP involving n variables is an n-partite graph. As an example, theconsistency graph for the problem (the 3-queens problem) with the set of variables fx1; x2; x3g,the domain f1; 2; 3g and the constraints xj 6= xi and xj 6= xi � (j � i), for 1 � i < j � 3, isshown in Figure 1.An n-clique of a graph G is a subgraph of G such that it has n vertices and its verticesare pairwise adjacent. Since a solution s to a CSP p involving n variables is an n-tuple ofassignments of domain values to variables such that all the constraints in p are satis�ed, everypair of assignments in s is consistent. Thus, if the constraints involve only conjunctions, thens corresponds to an n-clique of the consistency graph of p, and the number of solutions of p isequal to the number of n-cliques in the consistency graph of p; if the constraints involve alsodisjunctions, then the number of solutions of p is bounded above by the number of n-cliques inthe consistency graph of p. For instance, because there is no 3-clique in the consistency graphin Figure 1, there exists no solution for the corresponding problem.3



�� ������ ����t t tttt ttt������������� HHHH QQQQQQ AAAA JJJJJJJ �������� HHHHHHHH 1 2 3321 321x1x2 x3Figure 1: An example of consistency graphTherefore, the problem of computing an upper bound on the number of solutions of a CSPis reduced to the problem of computing an upper bound on the number of n-cliques in thecorresponding consistency graph. We can easily verify that the problem of computing thenumber of n-cliques in a consistency graph is NP-hard because the enumeration version of thegraph coloring problem is NP-hard and can be reduced to this problem. The enumerationversion of the graph coloring problem, which involves only conjunctive binary constraints, isthe problem that counts the number of di�erent ways of coloring a graph using a given numberof colors.We will use K(G; n) to denote the number of n-cliques in a consistency graph G. LetG = (V;E) be a graph and NG(v) = fw 2 V j hv; wi 2 Eg be the neighbors of a vertex vin G. The adjacency graph of v with respect to G, AdjG(v), is the subgraph of G inducedby NG(v), i.e., AdjG(v) = (NG(v); EG(v)), where EG(v) is the set of edges in E that join thevertices in NG(v). The following theorem shows that the number of n-cliques in a consistencygraph can be represented in terms of the number of (n � 1)-cliques in the adjacency graphscorresponding to the vertices in an assignment set.Theorem 2.1 Let G be a consistency graph of order (n;m). Then for each assignment setV = fv1; : : : ; vmg,K(G; n) = mXi=1K(AdjG(vi); n� 1): (1)Proof Let Gi be the subgraph of G induced by NG(vi) [ fvig. Since no pair of vertices inV are adjacent, K(G; n) = Pmi=1K(Gi; n). Because vi is adjacent to every vertex in NG(vi),K(Gi; n) = K(AdjG(vi); n� 1). 2Theorem 2.1 says that the problem of computing the number of n-cliques in a consistency4



graph of order (n;m) can be transformed into m subproblems of computing the number of(n� 1)-cliques in a consistency graph of order (n� 1; m). However, when m is larger than 1,the computation will require exponential time O(mn). To make it practical, therefore, we needto �nd a way to combine the set of subgraphs AdjG(v1); : : : ; AdjG(vm) in Formula (1) into agraph H such that K(H; n� 1) is an upper bound on K(G; n).2.2 An Upper Bound on the Number of N-cliquesTo derive an upper bound on K(G; n) for a consistency graph G of order (n;m), we extendthe representation of a consistency graph to a weighted consistency graph. A weighted con-sistency graph G = (V;E;W ) is a consistency graph with each edge e 2 E associated witha weight, W (e), where W : V � V ! N is a function that assigns a positive integer to anedge hu; vi if hu; vi 2 E, and assigns 0 to hu; vi if hu; vi 62 E. The aim is to use the weights toaccumulate the number of n-cliques information.The number of n-cliques, K(G; n), in a weighted consistency graph G of order (n;m) isde�ned as follows. Let S be the set of n-cliques of G and H = (VH ; EH;WH) 2 S be ann-clique. We de�ne K(H; n) = minfWH(e) j e 2 EHg, and K(G; n) = PH2S K(H; n).The intuition behind this formulation involves an operation on graphs and will become clearshortly. Let the weighted consistency graph corresponding to a consistency graph G = (V;E)be G0 = (V;E;W ), where W (e) = 1, for all e 2 E. Then we have K(G; n) = K(G0; n) byde�nition. Thus we can focus on weighted consistency graphs from now on.We now de�ne a binary operator �, called graph addition, on two weighted consistencygraphs. Let G1 = (V;E1;W1) and G2 = (V;E2;W2) be two weighted consistency graphswith the same set of vertices. Then G1 � G2 = (V;E1�2;W1�2), where E1�2 = E1 [ E2, andW1�2(e) = W1(e) +W2(e), for all e 2 E1�2. Graphs G1 and G2 are said to be the componentgraphs of G1 � G2. An example of graph addition is shown in Figure 2. We use the samenotation as the one in Figure 1. Suppose every edge in the graphs G1 and G2 has weight 1. Wecan easily verify that every edge in the graph G1 � G2 has weight 1 except for edges h12; 21i,h12; 33i and h21; 33i, which have weight 2, where hij; ghi denotes the edge joining the verticesthat represent xi  dj and xg  dh.The intuition behind the de�nition of the number of n-cliques in a weighted consistencygraph G is that for each n-clique H of G, K(H; n) = k implies that H appears in at most kcomponent graphs of G. For instance, for the consistency graph G1�G2 in Figure 2, G1�G2has three 3-cliques h11; 23; 32i, h12; 21; 33i and h13; 22; 31i, and 3-clique h12; 21; 33i appears in5



�� ������ ����t t tttt ttt���������� @@ JJJJJJJ �������� HHHHHHHH 1 2 3321 321x1x2 x3 �� ������ ����t t tttt ttt����������� QQQQQQ JJJJJJJ �������� HHHHHHHH 1 2 3321 321x1x2 x3�� ������ ����t t tttt ttt����������������� @@QQQQQQ JJJJJJJ �������� �������� HHHHHHHH 1 2 3321 321x1x2 x3G1 G2
G1 � G2Figure 2: An example of graph additionboth G1 and G2. Thus K(G1�G2; 3) = 1+ 2+1 = 4. The following theorem shows the e�ectof graph addition on the number of n-cliques in the graphs.Theorem 2.2 Let G1 = (V;E1;W1) and G2 = (V;E2;W2) be two weighted consistency graphsof order (n;m). ThenK(G1 �G2; n) � K(G1; n) +K(G2; n): (2)Proof Let S; S1 and S2 be the sets of n-cliques of G1 � G2; G1 and G2 respectively. ThenS = S1 [ S2. Let H = (VH; EH ;WH) 2 S be an n-clique. Then WH(e) = W1(e) + W2(e),for all e 2 EH . If H is in both G1 and G2, then minfWH(e) j e 2 EHg � minfW1(e) j e 2EHg +minfW2(e) j e 2 EHg. If H is in either G1 or G2, but not both, then minfWH(e) je 2 EHg � minfW1(e) j e 2 EHg and minfW2(e) j e 2 EHg = 0, or minfWH(e) j e 2 EHg �minfW2(e) j e 2 EHg and minfW1(e) j e 2 EHg = 0. If H is in neither G1 nor G2, thenminfWH(e) j e 2 EHg > 0, and minfW1(e) j e 2 EHg = minfW2(e) j e 2 EHg = 0. 2Theorem 2.2 shows that graph addition is a way to combine the set of adjacency graphsso that the number of n-cliques in the combined graph is an upper bound on the sum of the6



number of n-cliques in each individual adjacency graph. We now de�ne the weight of an edge ina weighted adjacency graph as follows. Let AdjG(v) = (VA; EA;WA) be the weighted adjacencygraph of v with respect to a weighted consistency graph G = (V;E;W ). For every edgehu; wi 2 EA, we de�ne WA(hu; wi) = min(W (hv; ui);W (hv;wi);W (hu;wi)). This de�nitionwill lead to the same result for weighted consistency graph as Theorem 2.1 for consistencygraph.Theorem 2.3 Let G be a weighted consistency graph of order (n;m). Then for each assign-ment set V = fv1; : : : ; vmg,K(G; n) = mXi=1K(AdjG(vi); n� 1): (3)Proof Let Gi = (VGi; EGi;WGi) be the subgraph of G induced by NG(vi)[fvig. Since no twovertices in V are adjacent, K(G; n) =Pmi=1K(Gi; n). Let AdjG(vi) = (VAi ; EAi;WAi). Becausevi is adjacent to every vertex in NG(vi), minfWGi(e) j e 2 EGig = minfWAi(e) j e 2 EAig.Therefore, K(Gi; n) = K(AdjG(vi); n� 1). 2Thus we have the following theorem to conclude the derivation of an upper bound on thenumber of n-cliques in a weighted consistency graph.Theorem 2.4 Let G be a weighted consistency graph of order (n;m). Then for each assign-ment set V = fv1; : : : ; vmg,K(G; n) � K( mMi=1 AdjG(vi); n� 1): (4)Proof By Theorems 2.2 and 2.3. 22.3 An Approximation AlgorithmWe are now ready to present a simple greedy algorithm for computing an upper bound onK(G; n) for a weighted consistency graph G of order (n;m). The basic idea is to applyTheorem 2.4 repeatedly to a sequence of consecutively smaller graphs. By starting with thegraph G, at each iteration, one assignment set is removed from the graph, and a smaller graphis constructed by performing graph addition on the set of adjacency graphs corresponding tothe vertices in the removed assignment set. This assignment set elimination process continuesuntil there are only two assignment sets left. The resultant graph is now a bipartite graph. By7



de�nition, the number of 2-cliques in a weighted bipartite consistency graph is the sum of theweights of the edges (2-cliques) in the graph. The algorithm is shown as follows:Algorithm n-cliques(G = (V;E;W ); n;m)1. begin2. G1 := G;3. for i := 1 to n� 2 do4. Gi+1 :=Lmj=1AdjGi(vi;j);5. od6. return Pe2En�1 Wn�1(e);7. endLet us consider the time complexity of the n-cliques algorithm. Let v = nm be the numberof vertices in the graph and e the number of edges in the graph. Each adjacency graph canbe constructed in time O(v + e), and each graph addition can be performed in time O(v + e).Therefore, the total time required for Line 4 is O(m(v + e)). Taking the loop into account,Lines 3-5 require time O(nm(v+ e)) = O(v(v+ e)). The summation of weights for a bipartitegraph in Line 6 can be performed in time O(m2). Thus the time complexity for the entiren-cliques algorithm is O(v(v + e)).2.4 Improving Estimation PrecisionIn this subsection we investigate three methods for improving the estimation precision of then-cliques algorithm: (1) network consistency; (2) exact expansion; and (3) assignmentmemorization. For all three methods, applying in full extent will lead to exact solution andexponential time. Therefore, we will examine the tradeo� between e�ciency and precision ofthese methods.2.4.1 Network ConsistencySince basic backtracking algorithms may incur signi�cant ine�ciency, a class of network con-sistency algorithms has been proposed to improve the e�ciency of backtracking algorithms[12, 13, 14, 22, 25, 26, 37]. The basic idea behind the network consistency algorithms is asfollows. Each individual constraint in a CSP only makes the local consistencies (consistent as-signments between two variables) explicit. Through exploiting some global consistencies (i.e.,8



consistent assignments among more than two variables), we might remove beforehand some ofthe domain values from consideration at each stage of a backtracking algorithm.We can use the same idea to reduce the consistency graph by removing the edges (localconsistencies) that are unable to satisfy global consistencies. For example, a vertex v in anassignment set must be adjacent to a vertex in every other assignment set so that the assign-ment corresponding to v may be in a potential solution; otherwise, we can remove all the edgesincident on v. A graph is said to be 2-consistent if all its vertices satisfy the above condition.More generally, a consistency graph G is said to be k-consistent if for every (k � 1)-cliqueH = (V;E;W ) in G, there exists at least one vertex v in every assignment set, apart fromthose assignment sets containing the vertices in V , such that the subgraph induced by V [fvgis a k-clique. To incorporate an algorithm k-consistency, which achieves k-consistency of agraph, into the n-cliques algorithm, we can just replace the formula Lmj=1AdjG(vi;j) in then-cliques algorithm by formula Lmj=1 k-consistency(AdjG(vi;j)). The time complexity for thenetwork consistency algorithms that achieve 2-consistency and 3-consistency are O(n2m3) andO(n3m5) respectively [23].2.4.2 Exact ExpansionThe exact expansion method tries to balance the precision of Formula (3) and the e�ciency ofFormula (4). The intent is to �rst expand the Formula (3) some number of times to exactlygenerate some subproblems, then use the Formula (4) to approximately solve the expandedsubproblems. Each time the Formula (3) is used, the time complexity of the entire algorithmwill increase by a factor of O(m).2.4.3 Assignment MemorizationIn the n-cliques algorithm, the weight of an edge e at the end of the ith iteration denotes thenumber of component graph sequences A1; : : : ; Ai in which the edge e occurs, where Aj is thecomponent graph in which the edge e occurs at the jth iteration. Or equivalently, it denotesthe number of partial assignments to variables x1; : : : ; xi with which the two assignments corre-sponding to the edge e are consistent. Due to the lack of partial assignment information, graphaddition is performed without knowing to which partial assignments the weight contributes.The assignment memorization method tries to memorize the weight as well as some partialassignment information so that we can take advantage of this information and perform graphaddition in a more precise way. 9



Operationally, to memorize the most recent variable assignment, each edge of the weightedconsistency graph needs to maintain an array of m weights instead of a single weight. At theend of the ith iteration of the n-cliques algorithm, the jth element of the weight array of anedge e, W (e)[j], corresponds to the number of partial assignments to variables x1; : : : ; xi towhich e contributes with xi  dj. Therefore, let Gi+1 = (V;E;W ) be the graph at the end ofthe ith iteration, and AdjGi(vi;j) = (Vj; Ej;Wj) be the jth adjacency graph at the ith iteration.For each edge e 2 E, we have W (e)[j] = Pmk=1Wj(e)[k]. The memorization of k variableassignments will cost the entire algorithm a factor of O(mk) in both time and space.2.5 Experimental PerformanceWe now give the experimental performance of the algorithms described in the previous sub-sections. Experiments are performed on a set of randomly generated consistency graphs. Theedges in the graphs are chosen independently and with the probability 0.75. The probability0.75 is chosen so that the graphs have reasonably high density to have a reasonable number ofcliques.Apart from the n-cliques algorithm, we also incorporate network consistency, exact expan-sion and assignment memorization algorithms into the n-cliques algorithm. The 2-consistencyand 3-consistency algorithms achieve respectively 2-consistency and 3-consistency for each con-structed adjacency graph; the 1-expansion and 2-expansion algorithms expand the Formula (3)once and twice respectively; the 1-memorization and 2-memorization algorithms memorize re-spectively the most recent one and two variable assignments. We apply each algorithm to 16random graphs for each of the orders (4,4), (5,5), : : :, (8,8).The performance results are shown in Figure 3. Figures 3(a), 3(c) { 3(h) display therelative error of the algorithms with respect to the order of the consistency graphs. Therelative error is de�ned as (K�K�)=K�, where K and K� denote, respectively, the estimatedand the exact number of n-cliques in the graph. The results show that the relative error of thealgorithms increases as the order of the graph grows. Because the number of graph additionsperformed increases as the order of the graph grows, the estimation error accumulated viagraph addition also increases. Furthermore, since the number of n-cliques in a graph usuallygrows exponentially with respect to the order of the graph, the growth rate of the relative erroris also very high. However, the relation between two exact solutions usually also re
ects uponthe corresponding estimated solutions. This result is shown in Figure 3(b). Here we comparethe relation between two exact solutions with the relation between the two correspondingestimated solutions for all pairs of the 16 random graphs. The relativity ratio is the ratio10
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between the number of pairs that preserve the relation and the total number of pairs.The results also show that the low-order network consistency algorithms do not work well fordense graphs. In general, as the density of graphs becomes higher, the graphs are more likely tobe low-order consistent. However, for applications where network consistency algorithms workwell for �nding solutions, the method of using network consistency algorithms for estimating thenumber of solutions will also work well. On the other hand, the exact expansion algorithms andthe assignment memorization algorithms can still signi�cantly improve the estimation precisionfor dense graphs. Moreover, the relative error growth rate for the assignment memorizationalgorithms is slightly more stable than for the exact expansion algorithms. The reason is thatthe assignment memorization algorithms improve the precision evenly at each iteration of theprocess, while the exact expansion algorithms improve the precision mainly at the beginningiterations of the process.Note also that because these algorithms can achieve any degree of precision by paying theprice on e�ciency, it is also possible to construct adaptive algorithms that will adaptivelydecide the amount of e�orts to invest based on the order and density of the graphs and theprecision requirements.3 Transformation and Optimization TechniquesThe algorithms presented in the previous section are particularly useful for programs whoseconstraints are explicitly expressed as a set of constraints involving comparison operators. Ingeneral, it is very di�cult to infer nontrivial number of solutions information for this class ofprograms without considering the net e�ects of the set of constraints. However, given the do-main information about the variables in the constraints,1 the consistency graph correspondingto the constraints can be e�ciently built by using simple integer interval arithmetic and setmanipulations. Given the consistency graph, nontrivial number of solutions information can bee�ciently inferred as well by using the presented algorithms. This section uses an example toillustrate several program transformation and optimization techniques based on the number ofsolutions information, and gives experimental measurements on a set of benchmark programs.The measurements are conducted using SICStus Prolog [3] and running on Sun4.The benchmark programs include a crypt-arithmetic problem: the send-more-money puzzle[21]; the eight-queens problem; the �ve-houses puzzle [21]; a job scheduling problem [1, 36]; a1Domain information can be inferred at compile time [15, 24, 30, 39] or declared by users [36].12



boolean satis�ability problem: a liar puzzle [21]; the magic 3� 3 squares problem [21]; a mapcoloring problem [2]; and a network 
ow problem [34].The example problem is a job scheduling problem [1, 36]. The problem is to �nd schedulesfor a project that satisfy a variety of constraints among its jobs. Typical constraints in jobscheduling problems include precedence constraints, which specify the precedence among thejobs; disjunctive constraints, which indicate the mutual exclusion among the jobs due to thesharing of resources; and many other constraints. An example of precedence constraints isgiven by the following predicate:precedence_constraints(SA,SB,SC,SD,SE,SF,SG,SEnd) :-SB >= SA + 2, SC >= SA + 2, SD >= SA + 2, SE >= SB + 3, SE >= SC + 5,SF >= SD + 6, SG >= SE + 2, SG >= SF + 3, SEnd >= SG + 1.Here variables SA,: : :,SEnd represent the starting time of the jobs A; : : : ; End. The constraint`SB >= SA + 2' speci�es that the job A takes 2 units of time to complete and the job B canbe started only after the job A has completed. The job End is a dummy job denoting the endof the project. An example of disjunctive constraints is given by the following predicate:disjunctive_constraints(SB,SC) :- SC >= SB + 3.disjunctive_constraints(SB,SC) :- SB >= SC + 5.This predicate indicates that the jobs B and C cannot be performed at the same time due tothe sharing of resources. We can then express the constraints for the project that involves theabove precedence and disjunctive constraints as follows:schedule_constraints(SA,SB,SC,SD,SE,SF,SG,SEnd) :-precedence_constraints(SA,SB,SC,SD,SE,SF,SG,SEnd),disjunctive_constraints(SB,SC).Given the duration in which the project is supposed to be carried out, a schedule that satis�esthe schedule constraints can be expressed as follows:schedule(Duration,SA,SB,SC,SD,SE,SF,SG,SEnd) :-generator(Duration,SA), generator(Duration,SB),generator(Duration,SC), generator(Duration,SD),generator(Duration,SE), generator(Duration,SF),13



generator(Duration,SG), generator(Duration,SEnd),schedule_constraints(SA,SB,SC,SD,SE,SF,SG,SEnd).Here the predicate generator/2 generates all possible time slots (integers in this case) in agiven duration.3.1 Ordering SubgoalsSeki and Furukawa [32] have presented a technique of transforming a generate and test pro-gram into a more e�cient program by interleaving generators and constraints using the modeinformation (specifying the input and output characterization of arguments) of the generators.In their method, subgoals are unfolded and rearranged so that constraints are interleaved intogenerators immediately after the constraints become active. Using this technique, the predicateschedule/9 can be transformed into the following more e�cient predicate:schedule(Duration,SA,SB,SC,SD,SE,SF,SG,SEnd) :-generator(Duration,SA), generator(Duration,SB), SB >= SA + 2,generator(Duration,SC), SC >= SA + 2, disjunctive_constraints(SB,SC),generator(Duration,SD), SD >= SA + 2,generator(Duration,SE), SE >= SB + 3, SE >= SC + 5,generator(Duration,SF), SF >= SD + 6,generator(Duration,SG), SG >= SE + 2, SG >= SF + 3,generator(Duration,SEnd), SEnd >= SG + 1.Notice that the rearrangement of the constraints is based on the order of the generators, andthe order of the generators are usually unchanged. However, an appropriate rearrangement ofgenerators may often signi�cantly improve the program e�ciency as well. We now examine twoprogram transformation techniques that extend the technique of Seki and Furukawa by alsorearranging the order of generators. These techniques are based on the fail-�rst principle [14].This principle advices to try early the part that is most likely to fail so that the pruning canbe performed early. The �rst transformation technique is based on global number of solutionsinformation, while the second one is based on local number of solutions information.3.1.1 Global Number of Solutions InformationApplying the fail-�rst principle, we can use the heuristic that chooses early the generators thatgenerate the fewest values satisfying the constraints in the program. The n-cliques algorithm14



can be employed to estimate this kind of global number of solutions information associatedwith each variable. In essence, the 1-expansion n-cliques algorithm is applied to each variableso that we can obtain separately the number of solutions associated with each domain value ofthe variables. Since the n-cliques algorithm is an upper bound estimation, for each variable wehave an upper bound estimate on the number of domain values satisfying the set of constraintsin the program. As a result, for a consistency graph involving v vertices and e edges, computingthe number of solutions for all the variable values (i.e., all the vertices in the graph) will requirethe time complexity O(v2(v + e)).Applying the 1-expansion n-cliques algorithm to the predicate schedule constraints/8 inthe example program for the duration [1..15], the number of solutions associated with eachvariable value is estimated as follows. We use a pair (i; j) related to a variable v to designatethat there are j solutions in which the value of v is i. If there is no entry for a value i, thenno solution is associated with i.SA: (1,60), (2,6);SB: (3,24), (4,11), (8,18), (9,15);SC: (3,24), (4,9), (6,18), (7,15);SD: (3,32), (4,24), (5,10);SE: (11,24), (12,42);SF: (9,12), (10,26), (11,28);SG: (13,12), (14,54);SEnd: (14,6), (15,60).Therefore, in the example, variable SA has the value 1 in 60 solutions, the value 2 in 6 so-lutions, and no other values of SA can satisfy the set of constraints in the program. Basedon the number of solutions information, we can assign an initial order among the variables asfSA; SE; SG; SEnd;SD;SF;SB;SCg. Nevertheless, this initial order is not necessary to work wellbecause we still have to interleave the generators and the constraints appropriately. For exam-ple, note that in predicate precedence constraints/8 there is no constraint involving bothvariables SA and SE. If we follow the initial order, in order to start executing the constraints,we still need to generate values for another variable. We will generate values for variable SD ifwe want to test the constraint `SD >= SA + 2' �rst, or for variable SC if we want to test theconstraint `SE >= SC + 5' �rst. In the former case, there is no need to generate values for SEbefore the values of SD are generated; on the other hand, in the latter case, it is not necessaryto put the generator for SA before the generators for SC and SE.15



We now describe a simple scheme for adjusting the initial order among variables by takinginto account the relationships of variables in the constraints. We call a constraint c a forward-checkable constraint of a variable v if v appears in c and all the other variables in c are orderedahead of v [36]. That is, a forward-checkable constraint of v will become active when v isinstantiated. We will associate each variable v with two lists: a variable list that containsthe variables appearing together with v in at least one constraint, and a constraint list thatcontains the forward-checkable constraints of v according to a partially determined ordering.For example, since variable SB appears with variable SA in the constraint `SB >= SA + 2', SBis included in the variable list associated with SA. In addition, if SB has been ordered ahead ofSA, then the constraint `SB >= SA + 2' becomes a forward-checkable constraint of SA and isincluded in the constraint list associated with SA. Thus for the example problem we have thefollowing association at the beginning:SA: fSB, SC, SDg, fgSB: fSA, SC, SEg, fgSC: fSA, SB, SEg, fgSD: fSA, SFg, fgSE: fSB, SC, SGg, fgSF: fSD, SGg, fgSG: fSE, SF, SEndg, fgSEnd: fSGg, fgTo rearrange the order, we start with choosing the variable SA as the �rst variable because it isthe variable with the fewest number of values satisfying the constraints in the program. Aftervariable SA is chosen as the �rst variable to generate, the association becomesSB: fSC, SEg, fSB >= SA + 2gSC: fSB, SEg, fSC >= SA + 2gSD: fSFg, fSD >= SA + 2gSE: fSB, SC, SGg, fgSF: fSD, SGg, fgSG: fSE, SF, SEndg, fgSEnd: fSGg, fgNotice the updates of the constraint lists associated with variables SB, SC and SD. Then amongthe variables in the list associated with SA, i.e., fSB; SC; SDg, we choose the next variableaccording to the following criteria: 16



1. choose the variable with the fewest number of values satisfying the constraints;2. if there is a tie, choose the variable with the most number of forward-checkable con-straints;3. if there is still a tie, use the natural order of generators.In this case, it is variable SD. Thus at this point, the constraint `SD >= SA + 2' can be testedright after the values of SA and SD are generated. After that, the variables in both the listassociated with SA and the list with SD, namely, fSB; SC; SFg, are under consideration. Amongthem, variable SF would be chosen as the next variable. We can continue this process andgenerate the new order as fSA; SD; SF; SG;SE;SEnd;SB;SCg. According to this new order, aneven more e�cient predicate schedule/9 can be given as follows:schedule(Duration,SA,SB,SC,SD,SE,SF,SG,SEnd) :-generator(Duration,SA), generator(Duration,SD), SD >= SA + 2,generator(Duration,SF), SF >= SD + 6,generator(Duration,SG), SG >= SF + 3,generator(Duration,SE), SG >= SE + 2,generator(Duration,SEnd), SEnd >= SG + 1,generator(Duration,SB), SB >= SA + 2, SE >= SB + 3,generator(Duration,SC), SC >= SA + 2, SE >= SC + 5,disjunctive_constraints(SB,SC).We have conducted experimental measurements on the benchmark programs. The programsare executed for a generate and test version (GT), a version using the transformation techniqueof Seki and Furukawa (SF), and a version using our goal ordering transformation techniquebased on global number of solutions information (GO). The result is shown in the Table 1.The result shows that the goal ordering transformation based on the local number of solutionsinformation produces more e�cient program than Seki and Furukawa's technique for all thebenchmark programs except the liar puzzle program. The reason for the worse performance ofthe GO version of the liar puzzle program is as follows. The 1-expansion n-cliques algorithminfers that there is only one domain value satisfying the constraints in the program for everyvariable. Therefore, the ordering decision is solely based on the number of forward-checkableconstraints associated with each variable. However, in the presented simple scheme, di�erenttypes of constraints are not distinguished between themselves. We can easily see that equalitiesusually prune more search space than inequalities, and they should have heavier weight than17



Benchmarks GT SF GO GO/SF LO LO/SFsend-more-money 3600.000 " 34.6400 0.0781 0.0022 0.0828 0.0023eight-queens 2496.650 0.9879 0.9879 1.0000 0.8419 0.8522�ve-houses 3600.000 " 0.3451 0.1382 0.4004 0.0409 0.1185job-scheduling 3600.000 " 4.2800 0.7531 0.1759 0.6109 0.1427liar-puzzle 0.0659 0.0067 0.0068 1.0149 0.0066 0.9850magic-squares 3600.000 " 0.8469 0.2322 0.2741 0.2132 0.2517map-coloring 2608.700 3.4029 0.8948 0.2529 1.0014 0.2942network-
ow 1595.650 0.7855 0.6649 0.8464 0.6649 0.8464Table 1: Measurements for goal ordering transformations (times in seconds)inequalities. The worse performance of the GO version of the liar puzzle program is mainlydue to this kind of imprecision. This drawback will be alleviated in the technique using localnumber of solutions information.3.1.2 Local Number of Solutions InformationInstead of using the number of solutions information subject to all the constraints, we nowuse the number of solutions information subject to each individual constraint. Besides, thisinformation will be applied locally. Applying the fail-�rst principle, we will use the heuristicthat chooses early the generators that generate the fewest values satisfying the active con-straints instead of all the constraints in the program. Given the domain information for eachvariable, we will estimate the success probability of each constraint, and estimate the jointsuccess probability of a set of active constraints. We will assume that a domain is given asan integer interval or a set of atoms so that we can use simple integer interval arithmetic forarithmetic constraints and simple set manipulations for non-arithmetic equality or disequalityconstraints.Since the set of constraints that become active after a variable v is instantiated is justthe set of forward-checkable constraints of v with respect to the set of variables instantiatedahead of v, we will estimate the success probability of a constraint under the condition that itis forward-checkable. As a result, for each constraint c, we can associate a (possibly distinct)success probability of c with each variable occurring in the constraint because any ordering18



of variables is possible. For instance, let us consider the constraint `SB >= SA + 2' in theexample problem. Given the duration [1..15], if SA is ordered ahead of SB, then we can viewthe constraint as `SB >= [1..15] + 2'. Using integer interval arithmetic, we can obtain `SB>= [3..17]'. If we assume that all the values in [3..17] have the same distribution, then thesuccess probability of the constraint is 0.404 because there are totally 15�15 distinct (SA,SB)value pairs and (13�14)=2 of them satisfy the constraint. We make the assumption that all thevalues in the computed interval have the same distribution for the sake of e�ciency. It wouldbe too expensive to maintain distribution information for each individual value in the interval.Similarly, we can obtain `SA =< [-1..13]' if SB is ordered ahead of SA. Assuming that all thevalues in [-1..13] have the same distribution, the success probability of the constraint is also0.404. However, in general, the success probability of a constraint may be di�erent for di�erentvariables. In this way, we can estimate the success probability for each constraint with respectto each variable occurring in the constraint.We now consider the joint success probability of a conjunction or disjunction of constraints.Let c1; : : : ; cn be a conjunction of forward-checkable constraints of a variable v with the successprobabilities p1; : : : ; pn. If we assume that the success probabilities of the constraints areindependent of each other, then the joint success probability of this set of constraints can beestimated simply as Qni=1 pi. We also make the assumption that the success probabilities of theconstraints are independent of each other for the sake of e�ciency. Maintaining the dependencybetween the constraints will complicate the analysis signi�cantly. Similarly, let c1; : : : ; cn bea disjunction of forward-checkable constraints of a variable v with the success probabilitiesp1; : : : ; pn. Assuming that the success probabilities of the constraints are independent of eachother, the joint success probability of this set of constraints can be estimated simply as 1 �Qni=1(1� pi).We now describe a simple scheme for ordering the variables for instantiation. For eachvariable v, we maintain two lists of constraints: a list that contains the forward-checkableconstraints of v, and a list that contains the constraints in which v appears but which is notforward-checkable. The �rst list of constraints has an immediate e�ect on the search spacewhen v is instantiated, while the second list of constraints has impact at the later stages ofthe search. Let n be the domain size of v, and p be the joint success probability of the set offorward-checkable constraints of v, namely, the �rst list of constraints associated with v. Thenthe number of values of v satisfying the set of forward-checkable constraints can be estimatedas np. It is interesting to note that in the context of forward checking algorithm this estimatecan be interpreted as the number of values left in the domain of v. Simultaneously, we alsoestimate the joint success probability of the constraints in the second list associated with v.19



Let this probability be q. Then we will use the following criteria to order the variables:1. choose the variable with the fewest number of values satisfying its forward-checkableconstraints, i.e., with the smallest value of np;2. if there is a tie, choose the variable with the smallest success probability q (or the largestfailure probability 1� q);3. if there is still a tie, use the natural order of generators.Apart from the rearrangement of the generators, using the success probabilities of the forward-checkable constraints, we can also rearrange the order of the active constraints. Applying thefail-�rst principle, we will test early the constraints that have the smallest success probabilityso that fewer tests will be performed.Experimental measurements for the goal ordering transformation based on local number ofsolutions information have also been conducted. The version using the local number of solutionsinformation (LO) is compared with the version using the technique of Seki and Furukawa (SF).The result is also shown in the Table 1. The result shows that the goal ordering transformationbased on the local number of solutions information produces more e�cient program than Sekiand Furukawa's technique for all the benchmark programs. The result also shows that thereis no clear winner for the two transformation techniques based on the number of solutionsinformation. For the send-more-money program and the map coloring program, the techniqueusing global number of solutions information is better. On the other hand, for other programs,the technique using local numer of solutions information is superior. We also note that forthe eight-queens program, although the order of the generators are the same in all threeversions, the better performance of the LO version is due to the rearrangement among theactive constraints.Note that the above simple scheme ignores the di�erent costs among generators and con-straints. It is possible to take into account the di�erent costs of generators and constraintswhen making ordering decision. For example, we have used the number of procedure calls asthe metric of cost to estimate the di�erent costs of generators and constraints. For any twovariables v1 and v2, assume that v1 is ordered ahead of v2. Then let t1 be the cost for executingthe generator for v1 and the set of forward-checkable constraints of v1, and t2 be the cost forexecuting the generator for v2 and the set of forward-checkable constraints of v2. Also, let nbe the domain size of v1, and p be the joint success probability of the set of forward-checkableconstraints of v1. If these two variables are consecutively ordered, then the cost of executing20



them would be t1+npt2. Similarly, we can also estimate the cost for the case when v2 is orderedahead of v1. With these cost information, we will choose to use the order that produces thesmaller cost.We have also performed experimental measurements on the benchmark programs for thisextended goal ordering transformation technique. However, we obtain the same variable or-ders as the ones produced by the transformation technique using local number of solutionsinformation for all the benchmark programs. Besides, there are only a few di�erences on theorder among active constraints. Therefore, we do not include this set of measurements in thepaper. Nevertheless, we expect that we can certainly bene�t from this extended technique forprograms with more complicated constraints.In constraint programming language CHIP [36], consistency techniques (e.g., forward check-ing and looking ahead) are used to solve combinatorial problems. To apply consistency tech-niques, the domains of variables are maintained at runtime so that inconsistent domain valuescan be eliminated actively through the propagation of constraints. With the domain infor-mation available at runtime, many heuristics for ordering variables for instantiation can beperformed dynamically. For example, using the fail-�rst principle, the variable with the fewestvalues left in the domain is chosen as the next variable to instantiate. This dynamic orderingcan improve the program e�ciency in many cases. However, due to the runtime overheadincurred by dynamic ordering, in some cases applying only consistency techniques is betterthan applying both consistency techniques and dynamic ordering [7, 36]. In such cases staticordering provides an alternative approach to improving the program performance.3.2 Reducing Variable DomainsSince the estimation of the n-cliques algorithm is an upper bound estimation, if the number ofsolutions associated with a variable value is inferred to be zero, then we can safely remove thisvalue from the corresponding domain at compile time. Moreover, recall that the 1-expansionn-cliques algorithm is applied to every variable to obtain the number of solutions for all thevariable values. Knowing that a value cannot lead to a solution, we can also safely remove thecorresponding vertex in the consistency graph without a�ecting correctness. This reductioncan indeed improve both the e�ciency and precision of the 1-expansion n-cliques algorithm.Therefore, for the example problem, the predicate generator/2 can be specialized into thefollowing new generator predicates at compile time:gen_a(1). gen_a(2). 21



Benchmarks SF UGO RGO RGO/UGO RGO/SFsend-more-money 34.6400 0.0514 0.0471 0.9163 0.0013�ve-houses 0.3451 0.0856 0.0297 0.3469 0.0860job-scheduling 4.2800 0.4187 0.0511 0.1220 0.0119liar-puzzle 0.0067 0.0065 0.0060 0.9230 0.8955network-
ow 0.7855 0.4531 0.4418 0.9750 0.5624Benchmark SF ULO RLO RLO/ULO RLO/SFsend-more-money 34.6400 0.0542 0.0482 0.8892 0.0013�ve-houses 0.3451 0.03607 0.0312 0.8666 0.0904job-scheduling 4.2800 0.3138 0.0378 0.1204 0.0088liar-puzzle 0.0067 0.0062 0.0060 0.9677 0.8955network-
ow 0.7855 0.4531 0.4418 0.9750 0.5624Table 2: Measurements for domain reducing optimization (times in seconds)gen_b(3). gen_b(4). gen_b(8). gen_b(9).gen_c(3). gen_c(4). gen_c(6). gen_c(7).gen_d(3). gen_d(4). gen_d(5).gen_e(11). gen_e(12).gen_f(9). gen_f(10). gen_f(11).gen_g(13). gen_g(14).gen_end(14). gen_end(15).Experimental measurements for domain reducing optimization have been conducted on thebenchmark programs. Among them, the eight-queens program, the magic squares programand the map coloring program have no variable values that can be removed. Since the programtransformation from a generator using recursive predicate to a generator using a set of factsusually also reduce the execution time, we use the version using facts to measure the sole e�ectsfrom the domain reducing optimization. For each goal ordering technique, the programs areexecuted for a version without domains reduced (UGO and ULO) and a version with domainsreduced (RGO and RLO). The result is shown in the Table 2. From the measurements,combining the goal ordering transformation and the domain reducing optimization can speedup the execution of the send-more-money puzzle program and the job scheduling program by afactor of more than a hundred. Notice also that for the �ve-houses puzzle program and the liar22



puzzle program, the 1-expansion n-cliques algorithm infers that for each variable at most onevalue in the domain can satisfy the constraints in the problem. Consequently, after reducingthe variable domains, these programs can be solved without any backtracking at runtime.In the benchmark programs above, the goal ordering transformation is applied ahead of thedomain reducing optimization. It is reasonable to reverse this application order. But, sincedomains will be represented as sets of atoms, instead of integer intervals, after applying thedomain reducing optimization, we will be forced to use set manipulations, rather than integerinterval arithmetic, for arithmetic constraints when applying the goal ordering transformation.We use the original order because set manipulations are usually much more expensive thaninteger interval arithmetic. However, this may cause some loss in precision.3.3 Determining Instantiation Order of Variable ValuesFor some applications, such as theorem proving, planning and vision problems, �nding a singlesolution is su�cient. For some other applications, such as combinatorial optimization problems,an optimal solution is sought. In this latter situation, usually, the branch and bound algorithmis employed, and we will try to �nd a �rst solution as soon as possible so that we can start thepruning early. In all these cases, the order in which the domain values are instantiated to thevariables may have profound e�ect on the program performance.In the example problem, suppose we are interested in obtaining any of the schedules thatsatisfy the schedule constraints. Then we can use the number of solutions information todetermine the instantiation order of variable values. A simple heuristic is to choose the valuethat is associated with the most number of solutions as the �rst value to be instantiated. Thususing the information about the number of solutions, we can rearrange the order of the clausesin the generator predicates as follows:gen_a(1). gen_a(2).gen_b(3). gen_b(8). gen_b(9). gen_b(4).gen_c(3). gen_c(6). gen_c(7). gen_c(4).gen_d(3). gen_d(4). gen_d(5).gen_e(12). gen_e(11).gen_f(11). gen_f(10). gen_f(9).gen_g(14). gen_g(13).gen_end(15). gen_end(14). 23



Benchmarks GNO GCO GCO/GNO LNO LCO LCO/LNOsend-more-money 22.370 9.540 0.873 22.570 19.611 0.868eight-queens 41.590 13.530 0.325 32.429 11.201 0.345job-scheduling 0.292 0.243 0.832 0.280 0.241 0.860magic-squares 19.251 5.089 0.472 50.240 0.790 0.015network-
ow 0.730 0.289 0.395 0.730 0.289 0.395Table 3: Measurements for clause ordering transformation (times in milliseconds)Experimental measurements for this clause ordering transformation have been conducted onthe benchmark programs. Among them, the 1-expansion n-cliques algorithm infers that forthe �ve-houses puzzle program and the liar puzzle program, there is at most one variable valuesatisfying the constraints in the program for each variable, and for the map coloring program,all the variable values are associated with the same number of solutions for each variable. Thusthe measurements for these three programs are not included. For each goal ordering technique,the programs are executed for a version using natural domain value order (GNO and LNO)and a version using the order generated by our clause ordering technique (GCO and LCO).The result is shown in the Table 3. The result shows that for all the benchmark programs, theversion using clause ordering technique performs better than the version using natural order.3.4 Managing ParallelismIn some cases, we may want to collect all the solutions satisfying the constraints in the programand to perform some post-processing upon them. For instance, in the example problem,suppose we want to compute both the latest starting time and the earliest completion timeamong the legal schedules. Then the following predicate schedules/3 speci�es the desiredcomputation.schedules(S,MaxS,MinC) :-setof([SA,SB,SC,SD,SE,SF,SG,SEnd],schedule(1-15,SA,SB,SC,SD,SE,SF,SG,SEnd),S),latest_start(S,MaxS), earliest_completion(S,MinC).It �rst uses predicate setof/3 to collect all the legal schedules in the duration [1..15] as alist S, then it computes the latest starting time and the earliest completion time among the24



list of legal schedules separately.In parallel systems ROLOG [17] and &-Prolog [16], independent subgoals are typically exe-cuted in parallel. Since literals latest start/2 and earliest completion/2 are independentof each other, they will be executed in parallel in these systems. However, parallel execution ofthese literals bene�ts only when the cost saved from the parallel execution outweights the costspent for managing the parallelism [8]. The performance of parallel systems usually beginsto degrade when the systems are choked with a lot of small grain processes. Thus, suitableprocess granularity control such that \su�ciently" small processes are executed sequentiallymay often improve the performance of parallel systems. However, the information about thecosts of the literals is required in order to perform suitable process granularity control. Becausethe cost of executing the two literals in the example above depends on the length of the listof legal schedules, the decision on whether to execute them in parallel or in serial dependson the number of solutions generated by literal schedule/9. Knowing that schedule/9 willgenerate 66 solutions, we can plan to execute them in parallel. On the other hand, if the givenduration is [1..14] instead of [1..15], then only 6 solutions are generated; in this case, wemight choose to execute them sequentially.In distributed systems, the communication cost among processors plays a more crucial rolethan in shared-memory systems. In these systems, appropriate process granularity controlshould also take the communication cost into account [19]. In general, the communication costdepends on the size of the input and output arguments in the predicates. For the exampleproblem, if literal earliest completion/2 is spawned as a new process to a remote processor,the communication cost would be a function in terms of the number of legal schedules.Apart from process granularity control, the process computation cost and communicationcost can also be used to schedule the process migration among processors [35]. In the systemsusing on-demand scheduling method, when a processor becomes idle, it will inquire and requesttasks from other busy processors. In these systems, the cost information is used by the busyprocessors to guide the choosing of tasks for migration. In general, the task that has thelargest computation cost and the smallest communication cost is chosen to migrate to a remoteprocessor.4 ConclusionsCombinatorial problems are often speci�ed declaratively in logic programs with constraintsover �nite domains. This paper has presented several program transformation and optimiza-25



tion techniques for improving the performance of the class of program with �nite-domainconstraints. These techniques allow automatic transformation of declaratively speci�ed pro-grams into more e�cient programs. The techniques are based on the information about thenumber of solutions of constraint satisfaction problems. The techniques include planning theevaluation order of body goals, reducing the domain of variables, planning the instantiationorder of variable values, and controlling process granularity and scheduling processes amongprocessors in parallel or distributed systems.Since the decision versions of many constraint satisfaction problems are NP-complete, ifP 6= NP, there is no polynomial time algorithm for computing the number of solutions forconstraint satisfaction problems. This paper has presented a simple greedy algorithm forcomputing an upper bound on the number of solutions for constraint satisfaction problemsover �nite domains. The time complexity of this algorithm is O(v(v + e)) for a problemwhose corresponding consistency graph contains v vertices and e edges. Based on this simplealgorithm, a set of 
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