
Approximating the Chromatic Polynomial of a Graph�Nai-Wei LinDepartment of Computer ScienceThe University of ArizonaTucson, AZ 85721naiwei@cs.arizona.eduAbstractThe problem of computing the chromatic polynomial of a graph is #P-hard. This paperpresents an approximation algorithm for computing the chromatic polynomial of a graph.This algorithm has time complexity O(n2 logn+ nm2) for a graph with n vertices and medges. This paper also shows that the problem of computing the chromatic polynomialof a chordal graph can be solved in polynomial time. Knowledge about the chromaticpolynomial of graphs can be employed to improve the performance of logic programs anddeductive databases.1 IntroductionThis paper considers �nite graphs without loops (i.e., edges joining a vertex to itself) andmultiple edges between any pair of vertices. The chromatic number of a graph G, written as�(G), is the minimum number of colors necessary to color G such that no adjacent vertices havethe same color. The chromatic polynomial of a graph G, denoted by C(G; x), is a polynomialin x representing the number of di�erent ways in which G can be colored by using at most xcolors.The problem of k-colorability of a graph G is the one of deciding whether the valueC(G; k) > 0. Since the problem of deciding whether the value C(G; k) > 0 is NP-complete [7],the problem of computing the value C(G; k) is #P-complete [12]. The more general problemof computing the chromatic polynomial of a graph is therefore #P-hard.This paper presents an approximation algorithm for computing the chromatic polynomialof a graph. This algorithm is based on the greedy method. We �rst determine an orderingon the vertices of the graph using some heuristics. According to the determined ordering, we�This work was supported in part by the National Science Foundation under grant number CCR-8901283.



next derive an upper bound and a lower bound on how many di�erent ways each vertex canbe colored. The product of the upper bounds and the product of the lower bounds for all thevertices in the graph then give, respectively, an upper bound and a lower bound on the totalnumber of di�erent ways the entire graph can be colored. If the number of available colors isgiven as a symbolic variable, then the two products are polynomials in this variable. Finally,we take a mean of these two polynomials as an approximation of the chromatic polynomial ofthe graph. This algorithm has time complexity O(n2 logn+ nm2) for a graph with n verticesand m edges.A graph is called chordal if every cycle of length greater than 3 has an edge joining twononconsecutive vertices of the cycle. Chordal graphs arise in many contexts and contain thefollowing families of graphs: interval graphs, cactus graphs, adjoint graphs of cactus graphs,and so on [6]. Gavril has shown that problems of �nding a minimum coloring, a minimumcovering by cliques, a maximum clique, and a maximum independent set, of a chordal graphcan be solved in polynomial time [5]. In this paper we show that the problem of computingthe chromatic polynomial of a chordal graph can also be solved in polynomial time.Many problems in areas such as operations research and arti�cial intelligence require enu-merating all the solutions that satisfy a set of binary equality or disequality constraints onvariables ranging over a �nite domain of values. The constraints are of the form x = y orx 6= y. These constraint satisfaction problems can be reduced to the graph coloring problem asfollows. Each vertex in the graph corresponds to a variable in the constraints, each edge in thegraph corresponds to a disequality constraint, and the edges of two vertices are merged if thereis an equality constraint between the corresponding two variables. Hence, each coloring of thegraph corresponds to a solution to the original constraint satisfaction problem. Accordingly,the associated counting problem for each such constraint satisfaction problem reduces to thecomputation of the chromatic polynomial of its corresponding graph.This class of constraint satisfaction problems is frequently realized in the settings such aslogic programs and deductive databases, where it is easy to generate multiple solutions of aproblem if required. The ability to estimate the chromatic polynomial of a graph allows usto estimate the number of solutions generated by the procedures realizing these constraintsatisfaction problems. Information about the number of solutions generated by procedures hasbeen used to estimate the cost of executing procedures, and the cost information has beenfurther used to optimize programs and queries in these settings. For example, this informationhas been employed for query optimization in deductive databases by appropriately rearrangingthe evaluation order of subgoals [10, 13], and for process granularity control in parallel logicprogramming systems by properly preventing small-grain processes from spawning [3].The remainder of this paper is organized as follows. Section 2 derives a number of upper andlower bounds on the chromatic polynomial of a graph. Section 3 discusses how the orderingson the vertices of a graph a�ect the bounds on its chromatic polynomial. Section 4 presents2



ss ss s����@@ AAAA ������ HHHH12 34 5Figure 1: An examplean approximation algorithm for computing the chromatic polynomial of a graph based on anordering proposed in Section 3. Section 5 shows some experimental results on the performancebehavior of the algorithm. Finally, Section 6 concludes this paper.2 Bounds on Chromatic PolynomialsSince the value of the chromatic polynomial C(G; x) is always nonnegative, for any graph Gand natural number x, we shall assume that any polynomial P (x) really means the functionmax(P (x); 0). Furthermore, for any two polynomials P1(x) and P2(x), we de�ne P1(x) � P2(x)if and only ifmax(P1(x); 0)� max(P2(x); 0), for all natural numbers x. We shall derive boundson the chromatic polynomial of a graph based on the greedy method.Let G = (V;E) be a graph. The order of G, denoted by jGj, is the number of verticesin G. Let U be a subset of V . The subgraph of G induced by U is a graph H = (U; F )such that F consists of all the edges in E both of whose vertices belong to U . The neighbors,NG(v) = fw 2 V j(v; w) 2 Eg, of a vertex v in G is the set of vertices adjacent to v. Theadjacency graph, AdjG(v), of v is the subgraph of G induced by NG(v).Let G = (V;E) be a graph of order n and ! = v1; : : : ; vn be an ordering on V . Wede�ne two sequences of subgraphs of G according to !. The �rst is a sequence of subgraphsG1(!); : : : ; Gn(!), called accumulating subgraphs, where Gi(!) is the subgraph induced byVi = fv1; : : : ; vig, for 1 � i � n. The second is a sequence of subgraphs G02(!); : : : ; G0n(!),called interfacing subgraphs, where G0i(!) is the adjacency graph AdjGi�1(!)(vi), for 1 < i � n.For example, consider the graph shown in Figure 1. The imposed ordering is denoted by thelabels of vertices. The corresponding accumulating subgraphs and interfacing subgraphs areshown in Figure 2.The following proposition gives an upper bound and a lower bound on the chromatic poly-nomial of a graph in terms of, respectively, the chromatic number and the order of interfacingsubgraphs. 3



i 1 2 3 4 5accumulatingsubgraphsGi s1 ss12 s ss�� AA12 3 s ss s��@ AA��12 34 s ss ss��@ �AA�� HH12 34 5interfacingsubgraphsG0i s1 ss12 ss12 ss13Figure 2: The accumulating and interfacing subgraphs of the graph in Figure 1Proposition 2.1 Let G = (V;E) be a graph of order n and 
 be the set of all possible order-ings on V . Suppose the interfacing subgraphs of G corresponding to an ordering ! 2 
 areG02(!); : : : ; G0n(!). Thenmax!2
fx nYi=2(x� jG0i(!)j)g � C(G; x)� min!2
fx nYi=2(x� �(G0i(!)))g: (1)Proof Suppose G1(!); : : : ; Gn(!) are the accumulating subgraphs of G corresponding to anordering !. The proof is by induction on Gj(!), for 1 � j � n. In base case, G1(!) is a graphconsisting of one vertex v1, so C(G1(!); x) = x. Suppose xQji=2(x � jG0i(!)j) � C(Gj; x) �xQji=2(x � �(G0i(!))) for some j, 1 � j < n. Then consider adding the vertex vj+1 andassociated edges into Gj(!) to form Gj+1(!). For the lower bound, since jG0j+1(!)j is thedegree of vj+1 in Gj+1(!), we have (x � jG0j+1(!)j) C(Gj(!); x) � C(Gj+1(!); x). From thehypothsis, we obtainxj+1Yi=2(x� jG0i(!)j) � (x� jG0j+1(!)j) C(Gj(!); x) � C(Gj+1(!); x).For the upper bound, since �(G0j+1(!)) is the minimum number of colors necessary for coloringG0j+1(!), we have C(Gj+1(!); x) � (x � �(G0j+1(!))) C(Gj(!); x). From the hypothsis, weobtainC(Gj+1(!); x) � (x� �(G0j+1(!))) C(Gj(!); x)� xj+1Yi=2(x� �(G0i(!))).4



Since Gn(!) = G, we have the following formulax nYi=2(x� jG0i(!)j) � C(G; x) � x nYi=2(x� �(G0i(!))): (2)Finally, because Formula (2) holds for any ordering !, Formula (1) follows. 2The upper bound in Formula (1) is in terms of the chromatic number of interfacing sub-graphs. Unfortunately, the computation of the chromatic number of a graph is NP-complete.Nevertheless, it turns out that if each of the chromatic numbers in Formula (1) is replacedby any of its lower bounds, the resultant expression is still an upper bound on the chromaticpolynomial. The following theorem by Bondy gives a lower bound on the chromatic numberof a graph that can be computed e�ciently [2].Theorem 2.2 Let G be a graph of order n, d(1) � � � � � d(n) be the degrees of nodes in Gand �j be de�ned recursively by�j = n� d(j�1Xi=1 �i + 1):Suppose k � n is some integer satisfyingk�1Xj=1 �j < n: (3)Then �(G) � k. 2We de�ne �(G), called the Bondy number of a graph G, to be the largest integer k � nsatisfying Formula (3). Then an upper bound on the chromatic polynomial of a graph can beexpressed in terms of the Bondy number of interfacing subgraphs.Proposition 2.3 Let G = (V;E) be a graph of order n and 
 be the set of all possible order-ings on V . Suppose the interfacing subgraphs of G corresponding to an ordering ! 2 
 areG02(!); : : : ; G0n(!). Thenmax!2
fx nYi=2(x� jG0i(!)j)g � C(G; x)� min!2
fx nYi=2(x� �(G0i(!)))g: (4)Proof By Theorem 2.2 and an argument parallel to the upper bound argument of Proposition2.1. 2 5



3 Ordering of VerticesIt is clear that carrying out the computation of the maximum and minimum among all thepossible orderings in Formula (4) is impractical. As a result, we shall employ a representativeordering to compute upper and lower bounds on the chromatic polynomial.A graph is a clique if every pair of vertices in the graph are adjacent. An ordering onthe vertices of a graph is said to be a perfect elimination ordering if all the correspondinginterfacing subgraphs are cliques [9]. Dirac [4] and Rose [8] have shown that a graph is chordalif and only if it has a perfect elimination ordering. The graph in Figure 1 is an example of achordal graph, and the labels of vertices show a perfect elimination ordering. The followingproposition states an appealing property of perfect elimination ordering.Proposition 3.1 Let G = (V;E) be a graph of order n and ! be an ordering on V . If ! is aperfect elimination ordering, then xQni=2(x� jG0i(!)j) = C(G; x) = xQni=2(x� �(G0i(!))).Proof By the fact, easily proved, that �(K) = jKj for any clique K. 2One implication of Proposition 3.1 is that if a perfect elimination ordering of a graph can begenerated e�ciently, then the chromatic polynomial of that graph can be computed e�ciently.Unfortunately, not every graph has a perfect elimination ordering. For example, no completebipartite graph Kn;m with n > 1 and m > 1 is chordal.We now describe an ordering that will be used to compute bounds on the chromatic poly-nomials. For obvious reasons, we shall try to generate a perfect elimination ordering wheneverit is possible. The ordering generation is an iterative graph reduction process and the orderingis generated in reverse order.At each iteration, we search for a vertex such that its adjacency graph is a clique. If sucha vertex v exists, it is chosen as the vertex to generate. It is clear that if the graph resultedfrom removing v has a perfect elimination ordering, then the original graph containing v alsohas a perfect elimination ordering. The latter ordering can be constructed by simply adding vat the rear of the former ordering. The process continues by removing v from the graph andproceeding to the next iteration.On the other hand, if such a vertex v does not exist, then we choose a vertex w thathas the smallest degree to generate. The basic idea behind this heuristic is that, to yieldnontrivial lower bounds for larger number of values, we demand the maximum order of theinterfacing subgraphs in Formula (2) to be as small as possible. Since the ordering generationis a graph reduction process, the degree of vertices or the order of the adjacency graph ofvertices will become smaller when the process goes on. Therefore, when the generation ofa perfect elimination ordering cannot continue, we greedily choose the vertex that has thesmallest degree to generate. The process continues by removing the chosen vertex w from the6



graph and proceeding to the next iteration. The whole process terminates when all the verticesare generated.Notice also that the ordering among the vertices whose adjacency graph is a clique is notcrucial. In the process, once a vertex has a clique as its adjacency graph, its later adjacencygraphs will still remain as cliques. This is because the removal of vertices from a clique resultsin another clique.Let G = (V;E) be a graph and U be a subset of V . Then the graph G � U denotes thesubgraph induced by V �U . We de�ne an ordering !0, called a perfect-smallest-last ordering,as follows. Let G1; : : : ; Gn be a sequence of subgraphs of a graph G of order n, with1. G1 = (V1; E1) = G and Gi+1 = (Vi+1; Ei+1) = Gi � fvig,2. vi = 8>><>>: v if there is a vertex v 2 Vi such thatAdjGi(v) is a cliqueminv2VifdGi(v)g otherwise,for 1 � i � n, then !0 = vn; : : : ; v1. Since a perfect-smallest-last ordering always chooses avertex whose adjacency graph is a clique if such a vertex exists. It has the following property:Proposition 3.2 If a graph G is chordal, then a perfect-smallest-last ordering on the verticesof G is a perfect elimination ordering. 24 An Approximation AlgorithmWe are now ready to present an algorithm for computing an upper bound and a lower boundon the chromatic polynomial of a graph based on Formula (4) and the perfect-smallest-lastordering. The algorithm is shown in Figure 3. Apart from the bounds, this algorithm alsocomputes a mean of the bounds. Let L(G; x) denote the lower bound xQni=2(x � jG0i(!0)j)and U(G; x) denote the upper bound xQni=2(x� �(G0i(!0))) in Formula (4), respectively, with!0 being a perfect-smallest-last ordering on the vertices of G. We estimate the chromaticpolynomial of a graph G asbC(G; x) = 2� U(G; x)� L(G; x)U(G; x) + L(G; x) ; (5)the harmonic mean of U(G; x) and L(G; x). Notice that although bC(G; x) is an estimate ofC(G; x), bC(G; x) itself may be a rational function, but not a polynomial.We now consider the complexity of Algorithm CP. Let n andm be, respectively, the numberof vertices and edges in the graph. We �rst consider the test in the if statement. Detecting7



Algorithm CP(G)beginG1 � (V1; E1) := G;U(G; x) := L(G; x) := 1;for i := 1 to n doif there is a vertex v 2 Vi such that AdjGi(v) is a clique thenvi := velse vi := minv2VifdGi(v)g�U(G; x) := U(G; x)� (x� �(Gi(vi)));L(G; x) := L(G; x)� (x� jGi(vi)j);Gi+1 � (Vi+1; Ei+1) := Gi � fvigodbC(G; x) := the harmonic mean of U(G; x) and L(G; x)endFigure 3: An algorithm for estimating the chromatic polynomial of a graphif a graph of order k is a clique can be performed in time O(k2). At the worst case, whenno adjacency graph is a clique and the detection has to be performed for every vertex, thetime required is O(n+Pnj=1 d2Gi(vj)) = O(n+ (Pnj=1 dGi(vj))2) = O(n+m2). The minimumoperation in the else branch can be performed in time O(n). Thus, altogether, the complexityof the if statement is O(n+m2).The symbolic multiplications of polynomials for U(G; x) and L(G; x) can be performed intime O(n) since the order of U(G; x) and L(G; x) is at most n. The computation of �(Gi(vi))demands a sorting step, so it requires time O(n logn). The updating from Gi to Gi+1 canbe performed in time O(n + m). Put together, the complexity for each iteration of the forstatement is O(n logn+m2). Taking the number of iterations into account, the time demandedfor the for statement is O(n2 logn+ nm2).The computation of the harmonic mean needs a symbolic multiplication and a symbolicaddition. It can be performed in time O(n2). Therefore, the complexity of the entire algorithmis O(n2 logn + nm2). This complexity analysis leads to the following theorem:Theorem 4.1 The problem of computing the chromatic polynomial of a chordal graph is solv-able in polynomial time.Proof By Propositions 3.1, 3.2 and the complexity analysis of Algorithm CP. 28



s s ss s� � �@@@@ ��������HHHHHHHH @@@@ ����1 2 mm+ 1 m+ 2Figure 4: Graph Km;25 Performance Analysis and MeasurementsThis section investigates the performance behavior of Algorithm CP. Since the values of C(G; x)are usually very large, we shall consider the relative error � = j bC(G; x)�C(G; x)j=C(G;x) inperformance analysis.The worst-case relative error of an approximation algorithm occurs at the cases whereC(G; x) = U(G; x) or C(G; x) = L(G; x); namely, C(G; x) is equal to one of the two extremes.The worst-case relative error is minimized when the relative errors for C(G; x) = U(G; x) andC(G; x) = L(G; x) are equal. The harmonic mean provides such an optimum because� � U(G; x)� bC(G; x)U(G; x) = bC(G; x)� L(G; x)L(G; x) = U(G; x)� L(G; x)U(G; x) + L(G; x): (6)Since both U(G; x) and L(G; x) are nonnegative, we have� � U(G; x)� L(G; x)U(G; x) + L(G; x) � 1; (7)for any nonnegative integer x. This implies that we always have 0 � bC(G; x) � 2C(G; x).This statement is always true if we can compute both a lower bound and an upper bound onthe measure we are interested in. On the other hand, we should also realize that because theproblem of k-colorability of a graph is NP-complete, there is no polynomial time algorithm forapproximating the chromatic polynomial of a graph that has a relative error less than 1 unlessP = NP [11]. Therefore, if P 6= NP, 1 is the best worst-case relative error we can expect. Wenow give an example that has a relative error of 1. Consider the complete bipartite graph Km;2shown in Figure 4. According to Formula (7), we have the relative errorx2(x� 1)m�1 � x2(x� 2)m�1x2(x� 1)m�1 + x2(x� 2)m�1 ;which gives 1 when x = 2. In general, bC(Km;n; x) = 0 for x � min(m;n), while C(Km;n; x) > 0for x � 2. 9
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Figure 5: The average values of the relative errors of the approximate chromatic polynomialsfor random graphs of order 16 and 8Another reason for choosing the harmonic mean is as follows. Since U(G; x) becomes moresigni�cant than L(G; x) as x increases, we usually have bC(G; x) > C(G; x) except for somesmall x. At the mean time, the harmonic mean is always less than or equal to the arithmeticmean [1]. Therefore, in most cases the harmonic mean gives a better upper bound than thearithmetic mean.To consider the average performance behavior, we also run some experiments on randomlygenerated graphs. The edges in the graph are chosen independently and with probability 0.5.Figure 5 displays the results of the average values of the relative errors over 5 graphs of order16 and over 5 graphs of order 8. The results show that the value of the relative error �increases as the order of graphs increases. This is because the higher the order of a graph,the higher the degree of the estimated bounds on its chromatic polynomial, and the higherthe accumulated error. The results also show that the value of the relative error decreases asthe number of colors k increases except for transient 
uctuation for small values of k. Thisis because for each graph G of order n, both U(G; x) and L(G; x) are polynomial of degreen with the coe�cient of xn being 1. Hence, the degree of the numerator is smaller than thedegree of the denominator in Formula (7) and limx!1� = 0. The smallest-degree heuristicemployed in the perfect-smallest-last ordering aims to restrict the transient 
uctuation to verysmall values. This allows us to have a good approximation of the chromatic polynomial of agraph in most cases. 10
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