Logic Programming

Prolog

Logic Programming

‧Use first-order predicate calculus as a programming language 

· Answering queries is like proving theorems

‧Compute relations instead of functions

Relations and Functions

Let A and B be sets.

· A relation from A to B is a subset of A x B.

 ‧A function from A to B is a relation R 

  from A to B such that for each 

 A , 

  there exists one and only one 

 B such

  that 

 R. Hence functions are spe-

  cial cases of relations.

 ‧Example:

   A= { a1, a2, a3, a4 }

  B= { b1, b2, b3 }

  R= { (a1, b1), (a2, b2), (a2, b3), (a4, b3) }

  F= { (a1, b1), (a2, b2), (a3, b3), (a4, b3) } 

Predicate Calculus
Propositions:

1. Boolean values true and false are propositions.

2. A symbol is a proposition which has value

  true or false.

3.  If 

 and 

 are propositions, then so are 

(a)  

: conjunction of

 and 

, 

(b)  

: disjunction of 

 and 

, and 

(c) 

: implication from

 to 

.

Predicate Calculus
Predicates:

 1. Each symbol may be replaced by a relation among elements.

 2. Arguments of relations can be existential

quantified (

) or universal quantified (

)

Examples:

parent(ted, derek)

parent(ted, dena)

parent(ted, dustin)

parent(derek, adams)



X, Y.(parent(X, Y) 

 ancestor(X, Y)) 



X, Y.(

Z.parent(X, Z) 

 ancestor(Z, Y)

      

ancestor(X, Y))

Theorem Proving

· Programs as axioms 

· Queries as theorems 

· Resolution as the inference rule

    p    p

q   |-- q

‧Proving theorems by backward deduction

Theorem Proving

parent(ted, derek)

parent(ted, dena) 

parent(ted, dustin)

parent(derek, adams)



X, Y.(parent(X, Y) 

 ancestor(X, Y)) 



X, Y.(

Z.parent(X, Z) 

 ancestor(Z, Y)

      

ancestor(X, Y))

parent(ted, derek)?



X.parent(ted, X)? 



X, Y.parent(X, Y)? 



X.ancestor(ted, X)?

Prolog Syntax

Terms :

〈term〉

〈number〉
         ︱ 〈variable〉
         ︱ 〈symbol〉
         ︱ 〈symbol〉(〈terms〉)

〈terms〉

〈term〉
         ︱  〈term〉,〈terms〉
 Examples:

 12       1994

 N        N1      _       _1

 ted       derek

 parent(X, Y)

 +(2, *(3, 4))      2 + 3 * 4

Terms as data

Function symbols (functors) represent data

Lists:

   []

   [a, b, c]

   .(a, .(b, .(c, [])))

   .(H, T)

   [H | T]

   [a | [b, c]]

   [a, b | [c]]

   [a, b, c | []]

Trees:

   leaf

   nonleaf(leaf, leaf)

   nonleaf(leaf, nonleaf(leaf, leaf))

Terms as Relations
Predicate symbols represent relations

Facts: (universal)

〈fact〉

〈term〉.

Parent(ted, derek).

Rules: (universal or existential)

〈rule〉

〈term〉:-〈terms〉.

 ancestor(X, Y) :- parent(X, Y).

 ancestor(X, Y) :-

     parent(X, Z), ancestor(Z, Y).

Queries: (existential)

〈query〉

 ?-〈terms〉.

    ?- parent(ted, X).

    ?- ancestor(ted, X).

Clauses and Predicates

‧A clause is a fact or a rule

‧A literal is a relation occurrence in a clause

· Clause head is the literal before ':-' in a

  clause

· Clause body consists of the literals after 

':-' in a clause

· A predicate is the set of clauses whose 

  head has the same predicate symbol and

  arity (number of arguments)

Clauses and Predicates

parent(ted, derek).

parent(ted, dena).

parent(ted, dustin). 

parent(derek, adams).

ancestor(X, Y) :- parent(X, Y).

ancestor(X, Y) :- 

    parent(X,Z), ancestor(Z, Y).

A typical session
?- consult(’family.pl’).

yes

?- parent(ted, derek).

yes

?- parent(ted, X).

X = derek;

X = dena;

X = dustin;

no

?- parent(ted, X).

X = derek

yes

?- parent(X, Y).

X = ted, Y = derek;

X = ted, Y = dena;

X = ted, Y = dustin;

X = derek, Y = adams;

no

?- ancestor(X, Y).

X = ted, Y = derek;

X = ted, Y = dena;

X = ted, Y = dustin;

X = derek, Y = adams;

X = ted, Y = adams;

no

?- halt.

Substitutions
· A substitution is a function from variables

to terms

  { X ( ted, Y ( derek }

· Rules for applying a substitution 

 :

  1. 

 if 

 is in 


  2. 

 otherwise

  3. 

 if 


      


   X{X ( ted, Y( derek} = ted

   X{Z ( ted, Y ( derek} = Z

   parent(X, Y){X ( ted, Y ( derek} = parent(ted, derek)

· A term 

 is an instance of 

 if 


for some substitution 


   parent(ted, derek) is an instance of parent(X, derek)

   parent(X, derek) is an instance of parent(X, Y)

Substitution

· A substitution is a function from variables

to terms:

  { X ( ted, Y ( derek }

· Rules for applying a substitution 

:

   1. 

 , if 

 is in 


   2. 

 , otherwise

   3. 

 , if 

 ,

       


   { X ( ted, Y ( derek}(X) = ted

   { Z ( ted, Y ( derek}(X) = Z

   { X ( ted, Y ( derek}(parent(X, Y)) = parent(ted, derek)

· A term 

 is an instance of 

 if 


for some substitution 


   parent(ted, derek) is an instance of parent(X, derek)

   parent(X, derek) is an instance of parent(X, Y)

Unification

· Terms 

 and 

 unify if 

 for 

some substitution 

 ; 

 is called a unifier 

of 

 and 

 .

    {H ( a, T ( [b, c]}([a | T])

  = {H ( a, T ( [b, c]}([H, b, c])

  = [a, b, c]

· Substitution 

 is the most general unifier
of 

 and 

 if for all other unifiers 

,



 is an instance of 

 .

   {X1 ( a, X2 ( Z, Y1 ( a, Y2 ( Z}([X1, X2, c])

  = {X1 ( a, X2 ( Z, Y1 ( a, Y2 ( Z}([Y1, Y2, c])

  = [a, Z, c]

   {X1 ( a, X2 ( b, Y1 ( a, Y2 ( b}([X1, X2, c])

  = {X1 ( a, X2 ( b, Y1 ( a, Y2 ( b}([Y1, Y2, c])

  = [a, b, c]

   {Z ( b}([a, Z, c])

  = [a, b, c]

The Predicate ’=’

?- X = X.

true;

no

?- X = f(a).

X = f(a);

no

?- f(X) = f(a).

X = a;

no

?- f(X, b) = f(a, Y).

X = a, Y = b;

no

?- f(X, b) = g(a, Y).

no

Resolution

Let




be a query and 



:- 


be a rule. If 

 is the most general unifier of 



 and 

 , and 



 ,

then we say the query 

 is reduced to the 

query 

 via a resolution step.

Resolution
· ?- ancestor(X, adams).

 Ancestor(X, Y) :- parent(X, Y).

     

1 = {X_1 ( X, Y_1 ( adams}

     

1(parent(X_1, Y_1)) = parent(X, adams)

 ?- parent(X, adams).

· ?- parent(X,adams).

parent(derek, adams).

     

1 = {X ( derek}

  true

Computation

A computation for a query Q with respect to 

a program P is a (possibly infinite) sequence

of queries




such that each query 

 is reduced to the

query 

 via a resolution step.

?- ancestor(X, adams).

?- parent(X, adams).

   true

Computation

‧If a computation C has an infinite se-

  quence of queries, then C does not ter-

  minate.

· If a computation C with queries

      


is maximal, and 

 true ((), then C is 

said to succeed with answer substitution

       


restricted to the variables occurring in 

.

‧Otherwise, C is said to fail .

Control in Prolog

Try clauses from top to bottom

parent(ted, derek).

parent(ted, dena).

Parent(ted, dustin).

Parent(derek, adams).

?- parent(ted, X).

      

{X ( derek}

X = derek;

      

 {X ( dena}

X = dena;

      

{X ( dustin}

X = dustin;

    no

Control in Prolog

Resolve literals from left to right

parent(ted, derek).

parent(derek, adams).

ancestor(X, Y) :- parent(X, Y).

ancestor(X, Y) :-

    parent(X, Z), ancestor(Z, Y).

   ?- ancestor(X, adams).

     

 = {X_1 ( X, Y_1 ( adams}

     

(parent(X_1, Y_1)) = parent(X, adams)

     ?- parent(X, adams).

     

 = {X ( derek}

     

 = 


    = {X, X_1 ( derek, Y_1 ( adams}

   X = derek;

Control in Prolog

parent(ted, derek).

parent(derek, adams).

ancestor(X, Y) :- parent(X, Y).

ancestor(X, Y) :- parent(X, Z), ancestor(Z, Y).

?- ancestor(X, adams).

  

 {X_1 ( X, Y_1 ( adams}

  

(parent(X_1, Z_1), ancestor(Z_1, Y_1))

  = parent(X, Z_1), ancestor(Z_1, adams)

  ?- parent(X, Z_1), ancestor(Z_1, adams).

  

{X ( ted, Z_1 ( derek}

  

(ancestor(Z_1, adams)) = ancestor(derek, adams)

  ?- ancestor(derek, adams).

  

{X_2 ( derek, Y_2 ( adams}

  

(parent(X_2, Y_2)) = parent(derek, adams)

  ?- parent(derek, adams).

  

 { }

  


= {X, X_1 ( ted, Y_1, Y_2 ( adams, Z_1, X_2 (derek}

X = ted;

Control in Prolog

parent(ted, derek).

parent(derek, adams).

ancestor(X, Y) :- parent(X, Y).

ancestor(X, Y) :- parent(X, Z), ancestor(Z, Y).

?- ancestor(X, adams).

  

 {X_1 ( X, Y_1 ( adams}

  

(parent(X_1, Z_1), ancestor(Z_1, Y_1))

  = parent(X, Z_1), ancestor(Z_1, adams)

  ?- parent(X, Z_1), ancestor(Z_1, adams).

  

{X ( ted, Z_1 ( derek}

  

(ancestor(Z_1, adams)) = ancestor(derek, adams)

  ?- ancestor(derek, adams).

  

{X_2 ( derek, Y_2 ( adams}

  

(parent(X_2, Z_2), ancestor(Z_2, Y_2))

  = parent(derek, Z_2), ancestor(Z_2, adams)

  ?- parent(derek, Z_2), ancestor(Z_2, adams).

  

{Z_2 ( adams}

  

(ancestor(Z_2, adams)) = ancestor(adams, adams)

  ?- ancestor(adams, adams) .

  

{X_3 ( adams, Y_3 ( adams}

  

(parent(X_3, Y_3))

  = parent(adams, adams)

  ?- parent(adams, adams).

no

Control in Prolog

parent(ted, derek).

parent(derek, adams).

ancestor(X, Y) :- parent(X, Y).

ancestor(X, Y) :- parent(X, Z), ancestor(Z, Y).

?- ancestor(X, adams).

  

 {X_1 ( X, Y_1 ( adams}

  

(parent(X_1, Z_1), ancestor(Z_1, Y_1))

  = parent(X, Z_1), ancestor(Z_1, adams)

  ?- parent(X, Z_1), ancestor(Z_1, adams).

  

{X ( ted, Z_1 ( derek}

  

(ancestor(Z_1, adams)) = ancestor(derek, adams)

  ?- ancestor(derek, adams).

  

{X_2 ( derek, Y_2 ( adams}

  

(parent(X_2, Z_2), ancestor(Z_2, Y_2))

  = parent(derek, Z_2), ancestor(Z_2, adams)

  ?- parent(derek, Z_2), ancestor(Z_2, adams).

  

{Z_2 ( adams}

  

(ancestor(Z_2, adams)) = ancestor(adams, adams)

 ?- ancestor(adams, adams) .

  

{X_3 ( adams, Y_3 ( adams}

  

(parent(X_3, Z_3), ancestor(Z_3, Y_3))

  = parent(adams, Z_3), ancestor(Z_3, adams)

  ?- parent(adams, Z_3), ancestor(Z_3, adams).

no

An Example

append([], L, L).

append([H | X], Y, [H | Z]) :- append(X, Y, Z).

?- append([], [], R).

R = [];

no

?- append([], [a, b], R).

R = [a, b];

no

?- append([a, b], [c, d], R).

R = [a, b, c, d];

no

?- append(X, Y, [a, b]).

X = [], Y = [a, b];

X = [a], Y = [b];

X = [a, b], Y = [];

no

An Example
Permutations of a list:

perm([], []).

perm(L, [R | Rs]) :-

   select(R, L, Ls), perm(Ls, Rs).

select(X, [X | Xs], Xs).

select(X, [Y | Ys], [Y | Zs]) :-

  select(X, Ys, Zs).

?- perm([a, b], R).

R = [a, b];

R = [b, a];

no

?- select(R, [a, b], Ls).

R = a, Ls = [b];

R = b, Ls = [a];

no
IS

?- X = 2 + 3.

X = 2 + 3

?- X is 2 + 3.

X = 5

?- X is 2 + 3, X = 5.

X = 5

?- X is 2 + 3, X = 2 + 3.

no

Relation Operators

?- 2 =:= 3.

no

?- 2 =\= 3.

yes

?- 2 > 3.

no

?- 2 >= 3.

no

?- 2 < 3.

yes

?- 2 =< 3.

yes
FUNCTOR

?- functor(f(a, b, g(Z)), F, N).

Z = _23, F = f, N = 3

?- functor(a+b, F, N).

F = +, N = 2

?- functor([a, b, c], F, N).

F = . , N = 2

?- functor(apple, F, N).

F = apple, N = 0

?- functor([a, b, c], ’.’ , 3).

no

?- functor(X, f, 2).

X = f (_23, _24) 

ARG

The predicate arg must be used with its first

two arguments instantiated

?- arg(2, related(john, mother(jane)), X).

X = mother(jane)

?- arg(1, a+(b+c), X).

X = a

?- arg(2, [a, b, c], X).

X = [b, c]

?- arg(1, a+(b+c), b).

no

An Example

subterm(Term, Term).

subterm(Sub, Term) :-

   not atomic(Term),

   functor(Term, F, N),

   subterm(N, Sub, Term).

subterm(N, Sub, Term) :-

   N > 1,

   N1 is N - 1,

   subterm(N1, Sub, Term).

subterm(N, Sub, Term) :-

   arg(N, Term, Arg),

   subterm(Sub, Arg).

The Predicate ’=..’

?- foo(a, b, c) =.. X.

X = [foo, a, b, c]

?- [a, b, c] =.. L.

L = [’.’ , a, [b, c]]

?- (a+b) =.. L.

L = [+, a, b]

?- (a+b) =.. [+, X, Y]

X = a, Y = b

?- X =.. [a, b, c]

X = a(b, c)

An Example

subterm(Term, Term).

subterm(Sub, Term) :-

   not atomic(Term),

   Term =.. [F | Args],

   subterm_list(Sub, Args).

subterm_list(Sub, [Arg | Args]) :-

   subterm(Sub, Arg).

subterm_list(Sub, [Arg | Args]) :-

   subterm_list(Sub, Args).

Literal Order Affects Trees

append([], L, L).

append([H | X], Y, [H | Z]) :- append(X, Y, Z).

prefix(X, Z) :- append(X, Y, Z).

suffix(Y, Z) :- append(X, Y, Z).

?- suffix([a], L), prefix(L, [a, b, c]).

L = [a];

—non-terminating— 

?- suffix([a], L).

L = [a];

L = [_1, a];

L = [_1, _2, a];

……

?- prefix(L, [a, b, c]), suffix([a], L).

L = [a];

no

Clause Order Affects Search

append([], L, L).

append([H | X], Y, [H | Z]) :- append(X, Y, Z).

append2([H | X], Y, [H | Z]) :- append2(X, Y, Z).

append2([], L, L).

?- append(X, [a], Z).

X = [], Z = [a];

X = [_1], Z = [_1, a];

X = [_1, _2], Z = [_1, _2, a];

…..

?- append2(X, [a], Z).

—non-terminating—
Cut (!)

A cut prunes the unexplored part of a Pro-

log search tree that is created during the exe-

cution of the predicate containing the clause

that contains the cut.



 :- …

    



 :- …



 :- 




 :- …


  

 :- …
An Example

qsort([], []).

qsort([First | L], R) :-

   part(First, L, Ls, Lg),

   qsort(Ls, Rs),

   qsort(Lg, Rg),

   append(Rs, [First | Rg], R).

part(F, [], [], []).

part(F, [X | L], [X | R1], R2) :-

   X =< F, ! , part(F, L, R1, R2).

part(F, [X | L], R1, [X | R2]) :-

   X > F, part(F, L, R1, R2).

Negation

· Logical negation: I can prove that it is

false

· First-order predicate calculus is undecid-

able: proving something true can always

be terminating, but proving something

false may be non-terminating

· Negation as failure: If I cannot prove that

it is true, it must be false

NOT

· Example:

  unmarried_student(X) :-

      student(X), not married(X).

  student(bill).

  married(joe).

  ?- unmarried_student(X).

  X = bill;

  no

· Implementation:

  not(X) :- X, ! , fail.

  not(_).

Higher-order Predicates

setof:

   parent(ted, derek).

   parent(ted, dena).

   parent(derek, adams).

   children(X, Kids) :-

     setof(C, parent(X, C), Kids).

   ?- children(ted, Kids).

   kids = [derek, dena];

   no

Higher-order Predicates

bagof:

  dept(ec, cs).

  dept(ec, ee).

  prof(cs, ted).

  prof(cs, derek).

  prof(ee, dena).

  prof(ee, ted).

  col_prof(C, P) :- 

dept(C, D), prof(D, P).

  col_profs(C, Ps) :-

bagof(P, col_prof(C, P), Ps).

  ?- col_profs(ec, Ps).

  Ps = [ted, derek, dena, ted];

  no

Accumulator

qsort(Xs, Ys) :- qsort_tr(Xs, [], Ys).

qsort_tr([], Xs, Xs).

qsort_tr([X | Xs], Ys, Zs):-

   part(Xs, X, S, L),

   qsort_tr(L, Ys, Ys1),

   qsort_tr(S, [X | Ys1], Zs).

Incomplete Data Structures

· difference lists:

  qsort(Xs, Ys) :- qsort_dl(Xs, Ys\[]).

  qsort_dl([], Xs\Xs).

  qsort_dl([X | Xs], Ys\Zs) :-

  part(Xs, X, S, L),

  qsort_dl(S, Ys\[X | Ys1]),

  qsort_dl(L, Ys1\Zs).

  or

  qsort(Xs, Ys) :- qsort_dl(Xs, Ys, []).

  qsort_dl([], Xs, Xs).

  qsort_dl([X | Xs], Ys, Zs) :-

  part(Xs, X, S, L),

  qsort_dl(S, Ys, [X | Ys1]),

  qsort_dl(L, Ys1, Zs).

· dictionaries:

  lookup(Key, [(Key, Value) | Dict], Value).

  lookup(Key, [(Key1, Value1) | Dict], Value) :-

     Key =\= Key1, lookup(Key, Dict, Value). 

Input/Output

get0(X)  ignore whitespace chars

get(X)   get any char

skip(X)  skip past character X

put(X)   print character X

nl   new line

read(X)  read term

print(X)  print term

write(X)  print term 

tab(N)    tab over N spaces

see(File)   open File for input

seeing(File)

seen

tell(File)   open File for output

telling(File)

told

Arithmetic
X is Term

X=Y  unify X and Y

X=:=Y  numerical comparison

X=/=Y  not equal as numbers

X<Y

X>Y

X=<Y

X>=Y

trace.

notrace.

spy pred/arity.

nospy pred/arity.

Built-in Predicates
consult(Filename)

reconsult(Filename)

true

fail

var(X)

nonvar(X)

atom(X)

integer(X)

atomic(X)

listing(Pred)

clause(Head,Body)

asserta(X)

assertz(X)

retract(X)

functor(T,F,N)

arg(N,T,A)

X=..L

name(A,L)

repeat

call(X)

X,Y

X;Y

not(X)

\+(X)
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