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Abstract

Class algebra extends the current definitions of RDF, RDF-S, and OWL DL semantics [1,2] to include other traditional AI knowledge and inference mechanisms, such as planning using state-space operators.  There are basically two kinds of inferences: the first phase adds a complete set of entailments for a given state of the knowledge base.  A second “state-space” phase adds new states, based on agent actions on a given state of the knowledge base.  Each operation of an agent is accompanied by a set of additions and deletions of triples, which may involve new object identifiers (oids).  The “frame axiom” is implemented similarly to other inference mechanisms (e.g. symmetry, transitivity, cardinality axioms) in OWL, and can implicitly calculate which triples can be copied from previous states without being affected by the addition and deletion triples of the operators.  Fuzzy subsumption is used both in forming the IS-A hierarchy and during the state-space search.  As well as outlining the semantics of class algebra, we will also discuss some implementation optimizations for storing the results of such entailed knowledge.   

1. Introduction

Recent drafts have been defining semantics for Semantic Web knowledge bases.   The RDF Schema semantics [1] describe a model of knowledge as <subject, predicate, object> triples, which represent binary relationships from a given domain to a given range, which is either a class in a class hierarchy or a primitive type.  OWL DL [2] is an extension of this model, where class and relation extents may be subjected to cardinality restrictions. Relationships may be declared to have a given minimum or maximum size.  Relations may also be declared to be symmetric or transitive.  Classes may be declared to be disjoint.  The pigeonhole principle may be used to infer that an object must be one of a given set of objects.  XML has also been modified to allow it to describe distributed definitions of schema components.  Versioning of schema is also supported to a limited degree with the <redefine> tag.

Class algebra [3-9] has a similar model, and its XML syntax can be defined an extension of OWL’s syntax.  It has an implicit complete IS-A lattice of fuzzy unions, intersections, and complements of property restrictions and enumerations.  This lattice contains the IS-A hierarchy of actually-used class/query descriptions as a sub-graph.   

Classes are defined to have both an “intent” and an “extent”. The intent is a normalized class algebra expression.  The class algebra expression restricts the members of the given class by using a Boolean combination of subclass containments, range containments, and count restrictions on the attributes and relations of the objects in that class.   For example, the class algebra expression 

@Country[Canada].hasProvince[Ontario].hasCollege
{declaredClass(Private)&cnt(students)>1000}.hasProfessor{age in [30..50] & cnt(friends.car{age<2})>5}

can be used as a query to find all professors in a private college with over 1000 students in Ontario, Canada who are between 30 and 50 years old, and who have at least 5 friends with cars less than 2 years old.  This class algebra expression could also be used to define a subclass of such professors.  Queries are used to classify the current objects based on inferences that provide evidence for or against the object satisfying the query.  A class intent is used to restrict assignments, and mark objects as “invalid” if they do not satisfy the intent.  Invalid objects are moved to the complement class.

Every class algebra expression can be put into a sorted disjunctive normal form (SDNF) since it does not involve any explicit variables (unlike the triples representation).  For instance, the sorted disjunctive normal form for the above class algebra expression is the following description logic expression:
@Professor{age in [30..50]

& cnt(friends.car{age<2}) in [5..inf]

& cnt(inv(hasProfessor){cnt(students) in [1000..inf] 

& deckaredCkass(Private}.inv(hasCollege){key= “Ontario”}.inv(hasProvince){key= “Canada”}) in [1..inf]

The above SDNF involves no disjunctions, but is simply a recursive conjunction of property restrictions.  The range class “Professor” is calculated from the restrictions on the domains and ranges of the binary relations.  The last restriction of the above SDNF requires that the inverse of the relations going from the “Country” class to the “Professor” class must be non-empty.

Class disjunctions are abstract, and can only have conjunctive subclasses, as in the above example.  Conjunctive classes, including classes with primitive property restrictions, can contain an “extent” relation to the objects that are declared to be of that type.   A primitive property restriction describes containment for some binary relation, an attribute’s containment within some primitive sub-range, or a restriction on the number of values of a relation or attribute.   For the fuzzy case, a class or range D is fuzzy contained in another class or range E if and only if all of the [-f,t] fuzzy bounds for the objects in D are less than the corresponding fuzzy bounds for the objects in E.  The fuzzy class memberships are added together to obtain a fuzzy count to be used in these restrictions.

For example, a property restriction may specify that a binary relation has a domain/range conjunction class.  Attribute values may also be constrained to be in a given range that may either be an enumeration of primitive values or an implicit Boolean combination of primitive types.  As for OWL DL, all of the containments are decidable and have an efficient implementation.  

In this paper we will first describe how class algebra fuzzifies the OWL DL model.  Section 3 will describe the process of calculating all entailments of the axioms, resulting in a complete state of the knowledge base, which includes both class/property restrictions as well as object instances.  Section 4 will discuss some other commonly used transitivity axioms.  Section 5 describes how planning can be done using a monotonic state-space representation to model the effects of non-monotonic operators which make assignments to objects and relationships.  Section 6 will discuss where we are in terms of the goals of the semantic web project..  

2. Fuzzifying the triples

The RDF, RDFS, and OWL DL semantic models allow all knowledge to be represented as triples.  “N-triples” are <subject, predicate, object> triples used to describe a given subject, regardless of whether the subject is a class, thing, or property restriction.  For OWL DL, these 4 types of objects are used to prevent problems of undecidability of first-order logic.  For example, in OWL Full, which does not have these typing restrictions, a class can be included as a member of itself.  The class of all classes that do not contain themselves as members can be defined as a class in OWL Full, although there is no stable model semantics describing its extent.  Other unsatisfiable axioms can also be added, such as defining a class with its complement as a subclass, but the OWL DL verifiers can detect such situations and warn the author when such axioms from being added since OWL DL is a decidable description logic, as is class algebra [5]. 

Class algebra has the advantage that its fuzzy model can still be used in the presence of such contradictory axioms.  For instance, it may assign an interval [-1,1] to an inferred fuzzy fact, indicating that there are fuzzy proofs for both that fact and its complement.  Of course, such a fuzzy model is not a traditional model.  It is a “descriptive model”.  Such descriptive models are now quite common, and have been used for both RDF and OWL DL.   Basically, Prolog-like rules are used instead of Lisp-like functions to compute the interpretations.  The rules compute a unique minimal set of inferable clauses.  There are many nonstandard semantics defined using such descriptive interpretations.  For example, a “stable model” can be defined as follows [11]: 

For any set M of atoms from a Prolog-like program P, let PM be the program obtained from M by deleting 

(i) each rule that has a negative literal B in its body where  B is in M

and 

(ii) all negative literals in the bodies of the remaining rules. 

Clearly, PM is negation-free (i.e. a Horn set of clauses), so that PM has a unique (traditional) minimal Herbrand model (i.e. a model using the terms from the original axioms rather than some other things, such as numbers).  If the minimal model of PM is the same as M, then it is said to be a “stable” model.   Class algebra basically uses a fuzzy version of stable models semantics.

In [5] we proved that, in the presence of Horn axioms without function symbols, this fuzzy forward chaining and subsumption process stops.  Therefore, the fuzzy containment of one description by another is decidable, and the fuzzy “subclassOf” edges in the IS-A hierarchy of classes may be computed.    Even with function symbols and complete first-order logic, the containment problem is decidable for “stratified” programs, as we describe below.

Class algebra involves two kinds of complement operators.  The above “inferrable negation”, or “pseudo-complement” operator is written with a “-”.  This  “-” is considered to be part of the predicate name, so –p is a positive literal.  If p has the interval [-f, t], then –p has the interval [-t, f].  The “true complement” operator “~” has the value [1-t, 1-f].  The true complement operator satisfies the laws of Boolean algebra such as pV~p=true,  ~ ~p=p, and p&~p=false only because the expressions are normalized before calculating their interpretation.  After computing the disjunctive normal form, conjuncts with p&~p are thrown away.   When resolutions are performed to compute all unit consequents, the clauses which are true complements will eventually resolve with each other, giving the same results as by setting all pV~p=true.

The usual assumption is that the axioms will only make use of the pseudo-complement operator.  For instance, an axiom such as p(q,r,s will be treated if the following 3 axioms were also added:

-q(-p,r,s.

-r(-p,q,s.

-s(-p,q,r.

Thus, even though only forward chaining is used, all consequents that would normally be found by resolution will also be found by this fuzzy forward chaining with fuzzy subsumption.

When the original axioms contain the true complement operator “~”, there is still sometimes a “fuzzy stable model” semantics. It is well-known [11] that “stratified” axioms always have a unique stable model which can be calculated by an alternating fix-point algorithm.  

Although the definition of class algebra originally used the intervals [t,1-f], here we use the interval [-f,t], since such intervals start at [0,0] and expand monotonically as more axioms (i.e. not involving “~”) are added, possibly leading up to the interval [-1,1] which indicates that there are direct proofs for both p and -p.  Such contradictions will only affect the other rules that involve p, unlike traditional logics in which such contradictions would render the axioms totally useless.  This is a major advantage of non-traditional logics such as the intuitionistic logic that we use, where we do not define p(q to be equivalent to pV~q, but instead define it in terms of its logical entailment procedure.

The upper bounds tp and fp computed for p and -p, respectively, then form a fuzzy interval [-fp, tp] for each model element p.    These upper bounds for p and -p are, by definition, not allowed to add evidence from two proofs together.  The proof must involve only a single proof tree, and the maximum values of these proof trees for p and –p are used as the upper bounds tp and fp.  

In case the axioms involve the true complement operator “~”, then if the entailed intervals are “fuzzy subsumed” by the original fuzzy interpretation, it is called a “fuzzy stable model”.  A fuzzy clause C1 “fuzzy subsumes” a fuzzy clause C2 if C1’s clause subsumes C2’s clause and C1’s fuzzy bounds are both greater than or equal to C2’s fuzzy bounds. That is, the fuzzy model is not simply a listing of true predicates, as in traditional semantics, but is instead an interval-based fuzzy set which bounds the possible models.  For instance, the fuzzy stable model of the axiom PVQ will be {P[0,0], Q[0,0]}, where the interval [0,0] means “unknown”.  As soon as there is some evidence V for -P, the stable model will become  {P[-V,0], Q[0,V]}.  Basically, disjunctions in the stable model have the same effect as XOR, since the stable model is in some sense a minimal set of entailed fuzzy facts.  

Again, fuzzy class algebra formulae are used for class and query constraints, and they are arranged into a fuzzy IS-A hierarchy.  Only the formulae (i.e. descriptions) that are actually used in class definitions or queries need to be stored in this network structure, rather than storing the complete lattice of all normalized Boolean combinations of property restrictions and enumerations.  The IS-A hierarchy has a mirror image complement hierarchy in which the complement classes are turned upside-down [12].

3. Finiteness of Fuzzy IS-A Entailments

OWL DL checks whether one class description D entails another description E in the presence of a given set of axioms, in which case a <D, subclassOf E> triple is added to the IS-A hierarchy.

Other entailments are also carried out using the axioms which describe the XML tags, as in OWL DL.  Class algebra fuzzifies these entailments.  A reified fuzzy triple contains the following N-triples:

<oid, subject, value>

<oid, predicate, value>

<oid, object, value>

<oid, trueEvidence, value>

<oid, falseEvidence, value>

Both falseEvidence and trueEvidence must be between 0 and 1, inclusive, giving the interval [-falseEvidence, trueEvidence].  

OWL DL and “finite class algebra” choose axioms for which the entailment process is finite.  There are only a finite number of entailments because the axioms are chosen so that there are no function symbols or existential variables other than object identifiers (i.e. oids), so consequents can only involve the original triple constants and oids.  For instance, OWL DL uses “comprehension axioms” which create a finite number of object identifiers for the “first” and “rest” elements of the lists used in the axioms.  Predicates, subjects, and objects can only be bound to either a constant or object identifier from the original axioms.  

There are also only a finite number of possible fuzzy values if only the min and max operators are used.  The use of other fuzzy operators may have a well-defined fixpoint semantics, but practically, such interpretations may take an unacceptable time to iterate before reaching that fuzzy fixpoint to a sufficient degree of accuracy.  If the axioms involve only symmetry and transitivity, the fuzzy forward-chaining and subsumption algorithm will take at most O(n3) time.   However, if the axioms involve general Prolog-like programs, queries may take longer.  Programs with k strata have worst-case runtime in the k-th level of the polynomial time hierarchy [13]. 

As for most Web-based knowledge representations, class algebra “flattens” the results of traversing a relationship.  That is, the result of following a relation is the union of the results of the relation on each object in the domain.  When fuzzified, a fuzzy union is used.   This fuzzy union is usually defined as a “max” of the distributions obtained from individual objects.  

Other union operators are theoretically acceptable, but, as mentioned, usually not practically acceptable because it may take a long time to compute fuzzy fixpoints.   These operators have been researched extensively (see, for example [14]), and the only way for the operators to satisfy the Boolean axioms is for the operators to become very complicated, including a decision tree that corresponds to the axioms themselves.  Although some people consider such operators unacceptable, that is essentially what class algebra does when the axioms are normalized before the fuzzy values are evaluated.

4. Other Structural Transitive Entailments

There are several other transitivity axioms besides those for “subclassOf”.  For instance, Dov Dori [15] mentions 4 fundamental structural relations for his Object Process Methodology (OPM); “hasParts”, “characterizes”, “subclassOf”, and “isInstanceOf”.   

The “hasParts” relation is transitive.  It can be implicitly represented by XML nesting.  Such an assumption greatly reduces the cost of explicitly listing a hasParts relation for each element of XML.  Parts can inherit the document’s attributes, such as the author, time of creation, and authorization privileges, unless explicitly over-ridden.  
The “characterizes” relation goes from property restrictions to classes and queries.  The major inference mechanism in OWL DL is that these property restrictions are “anded” into the range intents.   

A conjunction of property restrictions can also be used to describe processes, which can in turn involve objects and processes.  That is, method definitions can be included in the restrictions.  In the next section we will discuss some of the property restrictions for describing web applications.

The “extent” relation and its inverse “isMemberOf” relation are not transitive, but “isInstanceOf” depends on the transitive closure of the “subclassOf” relation.  That is, transitivity axioms are used both to inherit descriptions and to recursively include members from subclasses.

5. State Space Entailments

The above knowledge representations describe only the fundamental structural relations, which are unchanging.  Knowledge also includes changes of state due to processes which create, change, and delete objects.   Change is a transformation that preserves object identities, whereas creation and deletion both change the “extent” property of classes as well as create oids or flag them as “dead”.

OPM uses the above 4 relations to also describe processes.  A process depends on certain input/output objects, some of which it transforms by changing the objects’ states.  

  Processes can be converted into objects [15].  The process of changing a process into an object is called “Objectifying”.  This objectifying can involve both “tracing” of specific times at which specific triples were changed and specific methods were called or exited, as well as “specifying” the algorithm.   Specifying involves several aspects, such as specifying the data types (e.g. RDF primitive types), the procedure call mechanism (e.g. WSIF [16]), the algorithm code (e.g. ECMAScript), the transaction and persistency mechanisms (e.g. container persistency), the real-time constraints, the network protocols, the security mechanisms, the load balancing and fail-over procedures for the web services used, etc.  For example, J2EE deployment tools now write most of these specifications of network processes in terms of XML documents.

For tracing, class algebra uses a “state-space” description of processes from traditional A.I. [17].  This simple description of a process is sufficient to enable self-learning.  A process is described in terms of its intermediate states, and is broken into sequences of operations.  Each OPS-like operator has a pattern and an effect.  The pattern is simply a class algebra query, describing the states on which the operator can be applied.  The “effect” is a set of additions and deletions of n-triples in going from the previous state to the next state, or vice versa.  Each operation is represented by an edge in a graph whose nodes represent reachable states.  Each operation has a set of additions and deletions of triples.  These triples may be stored both explicitly and implicitly, by an operator definition.  This operator definition can be described at increasing levels of detail by using, for instance, OPM descriptions, until arriving at an executable description.  

Once you have such change of state operators, it is quite straightforward to define transitivity axioms for “telling” and “believing” based on secure authentications.   It is somewhat premature to discuss the actual XML tags used to describe this knowledge until there is first a consensus as to the most efficient way to translate previous A.I. models of “telling” and “believing” into n-triple based axioms.

Processes often involve feedback mechanisms to control changes.  This feedback mechanism can, in turn, lead to learning of improved processes.  Describing this learning process in terms of n-triple based axioms is the ultimate goal of the semantic web, or at least some of the people creating the semantic web.

6. Summary and Conclusions

The informatics hierarchy [15] includes, from bottom to top, data, information, knowledge, understanding, expertise, wisdom, and ingenuity.  Rule-based systems have reached the level of knowledge, and perhaps understanding, where some events can be understood in terms of well-defined classes, processes, and properties.   Although the number of classes, processes, and properties necessary to describe everyday life is quite staggering, the semantic web is ever expanding through human input.  The next stage is to make the web capable of learning through its own thought experiments by doing a state-space search to derive the results expected from running some processes, and these processes can be described at increasing levels of detail.  If the process of programming and experimenting can be described in enough detail, the web will be able to improve its model of the world by editing processes to create results more in conformity with its observations of the real world.
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