機率期中考
4/18/03 

              (close book)

1. (10%)

An ordinary deck of 52 cards is divided into two equal sets randomly. What is the probability that each set contains exactly 13 red cards.
Ans:


The probability is 
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2. (15%)

If X is a continuous random variable, the deciles of the distribution for X are t0.1, t0.2, …, t0.9, the values that cut the total probability mass of 1 into 10 equal parts. The difference, rid = t0.9 - t0.1, called the interdecile range, is sometimes used as a measure of variability for a probability law. Evaluate the deciles and rid for the following density function
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Ans:


See the solution of Prob. 5, Sec. 2.4.

3.  (10%)

Suppose that, on average, a postoffice handles 10,000 letters a day with a variance of 2000. What can be said about the probability that this postoffice will handle between 8000 and 12,000 letters tomorrow.

Ans:

Let X denote the number of letters that this postoffice will handle tomorrow. Then = E[X] = 10,000, = Var[X] = 2000. We want to calculate P(8000 < X < 12,000). Since
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By Chebyshev’s inequality:
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4. (10%)

A fair coin is flipped repeatedly. What is the probability that the fifth tail occurs before the tenth head?

Ans:

If the fifth tail occurs after the 14th trial, ten or more heads have occurred. Therefore the fifth tail occurs before the tenth head if and only if the fifth tail occurs before or on the 14th flip. Calling tails success, X, the number of flips required to get the fifth tail is negative binomial with parameter (3,0.5). The desired probability is given by
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5. (20%)

(a) Show that the probability the observed value for a geometric random variable equals a multiple of k, where k = 2, 3, 3, …, is pqk-1/(1-qk).
(b) If N is a geometric random variable with P = 0.3, evaluate P((N-(N(<4(N) and contrast the result with the Chebyshev bound for this probability.

Ans:

(a) See the solution of Prob. 11, Sec. 3.2

(b) See the solution of Prob. 18, Sec. 3.2, but 3(N is replaced with 4(N
6. (15%)
Suppose that earthquakes occur in a certain region of Taiwan, in accordance with a Poisson process, at a rate of seven per year.
(a) What is the probability of no earthquakes in one year? (5%)
(b) What is the probability that in exactly three of the next eight years no earthquakes will occur? (10%)
Hint: in (b), you can suppose that a year is called a success if during its course no earthquakes occur.
Ans:

(a) Let N(t) be the number of earthquakes in this region at or prior to t, we are given that {N(t), t ( 0} is a Poisson process. If we choose one year as the unit of time, then ( = E[N(1)] = 7. Thus


[image: image7.wmf]7

(7)

(()),    0,1,2,3,

!

nt

te

PNtnn

n

-

===

K


Let p be the probability of no earth quakes in one year, then
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(b) Suppose that a year is called a success if during its course no earthquakes occur. Of the next eight years, let X be the number of years in which no earthquakes will occur. Then X is a binomial random variable with parameters (8,p). Thus
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7. (15%)
Events are generated in accordance with a Poisson process with parameter (. Let X be the number of events to occur in (0,t), while Y is the number of events to occur in (0,2t].
(a) What are the probability distributions for X and Y?

(b) Evaluate P(2X=4) and P(Y=4).

(c) What is the probability that we will find Y = 2X?

Ans:


See the solution of Prob. 20, Sec. 3.3. Note the values in (b) are different.

8. (15%)
In a community of a + b potential voters, a are for abortion (墮胎) and b (b < a) are against it. Suppose that a vote is taken to determine the will of the majority with regard to legalizing abortion. If n (n < b) random persons of these a + b potential voters do not vote, what is the probability that those against abortion will win?
Ans:

Let X be the number of those who do not vote and are for abortion. The persons against abortion will win if and on;y if
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But this is true if and only if X > (a–b+n)/2. Since X is a hypergeometric random variable, we have that
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where 
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is the greatest integer less than or equal to 
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