機率期末考
6/23/03 

              (close book)

1. (15%)

If Z is standard normal, 
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 is called a folded standard normal random variable. Find the cdf for Y. 
Sol:

See Prob. 17, Sec. 4.4.

2. (15%)

A computer is used to generate n uniform (0,1) random variables. Assume that n is an odd integer so the sample median of these values is U((n+1)/2), the middle ranked value. Show that the pdf for U((n+1)/2) is symmetric about t = 1/2; thus both its mean and median equal 0.5 and its pdf is maximized at this value.
Sol:

See Prob. 7, Sec. 4.3.

3.  (20%)

(a) Let X1, X2, …, Xn be independent exponential random variables with means 1/(1, 1/(2, …, 1/(n, respectively. Find the probability distribution function of X = min(X1,X2,…,Xn). (12%)
(b) An item has n parts, each with an exponentially distributed lifetime with mean 1/(. If the failure of one part makes the item fail, what is the average lifetime of the item? (8%)

Hint: Use the result in (a)

Sol:

(a) Let FX be the distribution function of X. We have that
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Thus, X is exponential with parameter 
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(b) Let Xi be the lifetime of the ith part. The time until the item fails is the random variable min(X1,X2,…,Xn) which by the result in (a) is exponentially distributed with parameter n(. Thus the average life of the item is 1/n(.
4.  (15%)

Let X and Y be jointly distributed continuous random variables with joint probability density function
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Determine if X and Y are positively correlated (i.e., Cov[X,Y] > 0), negatively correlated (i.e., Cov[X,Y] < 0), or uncorrelated.

Hint: Note that for all a > 0, 
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Sol:
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and
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Since Cov[X,Y] = E[XY] - E[X]E[Y] = -1/2 < 0. X and Y are negatively correlated.
5. (15%)

Independent Bernoulli trials with parameter p are performed until the occurrence of the second success. If the second success occurs on trial number x2, what is the probability function for the trial number of the first success?

Sol


See Prob. 16, Sec. 5.2
6. (15%)
Let X be a geometric random variable with parameter p. Show that the moment-generating function of X is given by
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Use mX(t) to find E[X] and Var[X].
Sol

The probability function of a geometric random variable X, pX(x) with parameter p is given by
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Thus,
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Now by the geometric series theorem, 
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converges to (qet) / (1- qet) if qet < 1, or equivalently, if t < -lnq. Restricting the domain of mX(t) to the set    {t: t < -lnq}, we obtain
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Now
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Therefore,
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Thus,
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7. (15%)
Show that if X, Y are jointly distributed, then
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Sol


See Prob. 15, Sec. 6.3.
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