Signal Processing First

Lecture 18
3-Domains for IIR
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READING ASSIGNMENTS

This Lecture:
Chapter 8, all

Other Reading:

Recitation: Ch. 8, all
POLES & ZEROS

Next Lecture: Chapter 9

8/22/2003 © 2003, JH McClellan & RW Schafer 3

LECTURE OBJECTIVES

IR FILTERS
TWO FEEDBACK TERMS

y[nl=ay[n—-1]+a,y[n—-2]+ Zbkx[n — k]

H(z) can have & ZEROS

THREE-DOMAIN APPROACH
BPFs have POLES NEAR THE UNIT CIRCLE
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THREE DOMAINS

Z-TRANSFORM-DOMAIN: poles & zeros
POLYNOMIALS: H(z)

a,.b }
{ E, k FREQ-DOMAIN
M

y[nl= ayln —11+ Y bx[n—k]
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TIME-DOMAIN




Z-TRANSFORM TABLES

SECOND-ORDER FILTERS

SHORT TABLE OF z-TRANSFORMS
Two FEEDBACK TERMS
x[n] = X(2) v
L axn]+ bl — aX,(2) + bX5(2) ynl=ayln—1]+ayyln—2]
2. x[n — ng) = 27X (2) +b0x[n]+b1x[n—1]+b2x[n —2]
3. v[n] = x[n] * h[n] — Y(z) = H(2)X(2) i 5
4. 8[n] — 1 H(Z)— bO +b]Z_ +b22_
. o -1 -2
5. 5[n — ng] — z~ " 1— A1z —arz
6. au[n] — _ .
1— CIZ_] 8/22/2003 © 2003, JH McClellan & RW Schafer 7
MORE POLES TWO COMIPLEX POLES

Denominator is QUADRATIC

2 Poles: REAL a, + /a]Z + da,

or COMPLEX CONJUGATES

b+bz'+bz? bz+bz+b
H(Z): 0 1 : 2 — 0 1 2

2
l-az —a,z z —az—a,

PROPERTY OF REAL POLYNOMIALS
A polynomial of degree N has N roots. If all the coefficients of the polynomial

are real, the roots either must be real, or must occur in complex conjugate pairs.
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Find Impulse Response ?

Can OSCILLATE vs. n
“RESONANCE”

Find FREQUENCY RESPONSE

Depends on Pole Location

Close to the Unit Circle?
Make BANDPASS FILTER

8/22/2003
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pole =re’®
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2nd ORDER EXAMPLE h[n]: Decays & Oscillates
1- P T g T —
h[n]=(0.9)" cos(Z m)u[n] = (0.9)" L (/™" + & /™ > u[n] 0.5 Ve @]
o o 2 B N 9
1) 0.5 .\ 0.5 0 1) S AR el
2)= ' j 05} 1/ © ]
1-0.9¢""2z"  1-0.9¢ 2" B |
1- 09 COS('%Z)Z_1 1— time index (n) 1
H(Z): jr/3 _-1 —jr/3_—1 /" n /4
(1-09e" "z )(1-0.9¢ 7"z ) st | |A[n]=(0.9)" cos(% n)u[n]
Of 2@
H(Z) . 1 - 0.452 . 0.5 ; k 1 _0.452_1
— — — : x — =
1-0.927'+0.81z ) LT 1-09z" 4081z
2nd ORDER Z-transform PAIR 2nd ORDER EX: n-Domain
h[n]=r" cos(Gh)u[n] 1-045z"
| —cosdz" 1-0.92" +0.81z~
H(z)=
(2) 1—2rcos@z " +r’z7 y[n]=0.9y[n—1]-0.81y[n—2]+ x[n]—0.45x[n—1]
n aa = [ 1, -0.9, 0.81 ];
h[n]= Ar cos(h+ @)u[n] bb = [ 1, -0.45 1;
_ _ -1 nn = -2:19;
H(Z)ZA COSPp I’COS(_? (02)2_2 hh = filter( bb, aa, (nn==0) );
1-2rcosfz +rz HH = freqz( bb, aa, [-pi,pi/100:pi] );




Complex POLE-ZERO PLOT UNIT CIRCLE

1 ‘\.‘lll:llj;j’rj
R : MAPPING BETWEEN z and @
0.5 = : < ;)
N E - 1 -7z The Complex z-Plane LA
D,,,,é,“,““““,é“““,“““é““ ) 1 I 7= el — -]a)
: ; ° [1+0.72252 z=¢€
- - < 0.5 C
- z ~ E AN
051 - - N -
R S — +z=1 < w=0
-1 _ " ' I;' KR \ Magnitude Response E 05 <_ tnit Ciree n
-1 0 4 ] T TTeE=-l o w=tn
1 | L e Lo hi o p=tiz

2r : : , 1 -1 -0.5 0 0.5 1
Real Part
-1 0 1 2 3

omega-hat 8/22/2003 © 2003, JH McClellan & RW Schafer 15

0
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FREQUENCY RESPONSE

from POLE-ZERO PLOT h[n]: Decays & Oscillates

oY ‘e,
o ,

D¢

| “‘PERIOD"=6 |

0.5 '::_i H( jc?)) l_e—jZ&) )
Of @ S a0 e )= Ty e e
1+0.7225¢ "~ o5}

-1

Magnitude Response 15

time index (n)

A A\ ] °5 | |Aln] = (0.9)" cos(§ muln]

2 """"""" """"""" N % N 1 05 1-0.45z"
z A 5 " s 3 g ‘ 1-0.9z"+0.81z~
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Complex POLE-ZERO PLOT

0.5

-0.5

Magnitude Response

,,,,,,
''''''''''

omega-hat

1-0.45z"
1-09z"' +0.81z~
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h[n]: Decays

& Oscillates

1F

“PERIOD” 12|

time index (n)

oA x| (=095 cosEmuin]

| SR O ok
0.5 E * 1-0.8227z"
e [1-1.64542 +0.90252

Complex POLE-ZERO PLOT

3 DOMAINS MOVIE: IIR

Magnitude Response

03 e

o} @ @
0.5 T
0 1

omega-hat
1-0.8227z7"
1-1.6454z" +0.9025z°

| POLE MOVES$
Sl

> ¥

Imaginary Part
O
©

X

147"

1-1.362"" + 0.918272
DTFT: MAGNITUDE RESPONSE

(1

20

-1 -0.5 [] 0.5 1
Real Part

IMPULSE RESPONSE: h[n]

- 1 ' H ? d H ' 1
-0.5 -0.4 -0.3 0.2 01 0 01 0.2 0.3 0.4 05

CR{ I O PN

e

DTFT: PHASE RESPONSE (DEGREES)

n

30 -0.5 -0.4 -0.3 -0.2 0.1 0 01 0.2 0.3 0.4 0.5
Hormalized Frequency o2
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H(w)
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THREE INPUTS

Given: —{H(z)= TSS‘I N
.0Z

Find the output, y[n]

SINUSOID ANSWER

Given:

5

H(z)= ———
D=1 08"

When ] The input:  |x[n]=cos(0.27zn)
In]= 2
xX|ln|l=u
- [n] 0.2 5 \ 0 (I897z
- - H(e!"") = —— =2.919¢’
x[n] = cos(0.27zn)u[n] 140 8¢ /927
Step Response Step Response
5 ]
Y(z)= H(z)X(z) = ( _1)( _1) 20 25
1+.8z -z 9 9
Partial Fraction Expansion Y( Z) = - + -]
A B (A+B)+(8B-A)z"! I+.8z° 1-z

Y(z)=

+ =
1+.8270 1-771 (1+.82‘1X1—z‘1)
= (A+B)=5 and (8B-A4)=0
A B
Y(z)= +
2 1+.8270 1-271
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Vil = %O(—.S)”u[n] + S

8/22/2003

25
y[n]%; as n—> oo
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Stability SINUSOID starting at n=0

oo

Nec. & suff. condition: S |h[n] < e WEe'll look at an example in MATLAB
= —oo cos(0.2nn)
b Pole at -0.8, so a"is (—0.8) "
_ n _ There are two components:
hin]=b(a) uln] = H(z) = 1— gz | TRANSIENT
Start-up region just after n=0; (-0.8) "
oo STEADY-STATE
Z |b||a|n < oo if |a| <1 Pole must be Eventually, y[n] looks sinusoidal.
=0 Inside unit circle Magnitude & Phase from Frequency Response

Real Part of Output y[#] for IIR Filters b =[5],a =1, 0.8]

TTIT-H“J”T-H - STABILITY

IR I | i
e U R
Cosine input |

cos(0.2zn)u[n] : 10 15 » When Does the TRANSIENT DIE OUT ?

Transient Real Part of Output y[n] for IIR Filters
SF ‘ ' ' (—08)n STEADY-STATE RESPONSE AND STABILITY

04 I ! % o e s et ete0000e0s0 X Astable systemis one that does not “blow up.” Thisintuitive statement can be formal-
ized by saying that the output of astable system can always be bounded (| y[n]| < M)

whenever the input is bounded (|x[n]| < Mx).3

-5 0 5 10 15 20 25
Steady-State Real Part of Output y[#] for IR Filters i o yIn] = ary[n — 1] + box[n]
5F T T T T T a) = ———
0~ 10 by
H = —
. “HTT,”“_rTIT,ll“_rTTT,11 @ = T
Ll 1 hn] = boa! uln] need |a1| <1
-5 0 5 10 15 20 25
¢ 28 8/22/2003 © 2003, JH McClellan & RW Schafer 29

Time Index (1)




STABILITY CONDITION

UNSTABLE EXAMPLE:

POLE @ z=1.1

Real Part of Output \[n] for Unstable IIR Filter b = [5],a =[1, -1.1]

40 FF
30 HEX
20 |
10 F

01
-5

8/22/2003

sttt

0 25
Time Index (n)

Figure 8.15 Illustration of an unstable IIR system. Poleisat z = 1.1.
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BONUS QUESTION

.- 5
Given:

H(z)=

(D=1 08"

x[n]=4cos(zn—0.57)

The input is
Then find y[n] y[n] — 9
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