Signal Processing First

Lecture 17
lIR Filters: H(z) and
Frequency Response
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READING ASSIGNMENTS

This Lecture:
Chapter 8, Sects. 84 8-5 & 8-6

Other Reading:

Recitation: Chapter 8, all
POLE-ZERO PLOTS
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LECTURE OBJECTIVES

SYSTEM FUNCTION: a—
H(z) has and ZEROS

FREQUENCY RESPONSE of IIR
Get H(z) first

H(e’”)=H(z)
THREE-DOMAIN APPROACH

h[%] & H(z) o H(efﬁ")

2
z=e’

THREE DOMAINS

Use H(z) to get
Freq. Response

/ 1a,,b;

TIME-DOMAIN
M A M A
k=0 k=0
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FREQ-DOMAIN




H(z) = z-Transform{ h[n] }

FIRST-ORDER IIR FILTER:
yn]= ay[n —1]+ bx[n]

Hn]=by(a,)" uln]
bO

H(z)= 1
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PLOT IMPULSE RESPONSE

h[n]= by(a;)" u[n]=3(0.8)"u[n]

8
Time Index (n)

;—o—o—g H‘IITTT!")?;'»:I_@_.

-4 -2 0 2 4

16

First-Order Transform Pair

DELAY PROPERTY of X(z)

b

h[n]=ba"un] < H(Z)=1
—az

=1l

GEOMETRIC SEQUENCE:

H(z)=b,) a'z" =b ) (az"")"
=0 n=0

5 iffz[>]a
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DELAY in TIME<-->Multiply X(z) by z
x[n]e X(z)

x[n -1z X(2)

[ [}

Proof: Y x[n—1z7" = x[£]z""*"
n=—oo {=—c0

[

=z ) x[llz" =z X(2)

(= —oc0
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Z-Transform of IR Filter

DERIVE the SYSTEM FUNCTION H(z)

Use

ylnl=ay[n —11+bx[n]+bx[n—1]

Y(z)=az ' Y(z)+b,X(z)+ bz X(2)

| EASIER with DELAY PROPERTY |

Time delay of ny samples multiplies the z-transform by z7"°

x[n — ng] = 77X (2)
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SYSTEM FUNCTION of IIR

NOTE the FILTER COEFFICIENTS

Y(z)—az ' Y(z)=b,X(z)+ bz X(2)

(1- alz_l)Y(Z) = (b, + blZ_l )X(2)

Y(2) 1 b, +bz" | B(2)

X(z) | 1-az" |4
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SYSTEM FUNCTION

DIFFERENCE EQUATION:
y[n]=0.8y[n —1]+3x[n] -2x[n—1]
the FILTER COEFFS:  [H(2)

32771
1-0.8z7"
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Y(z)= X(z)

CONVOLUTION PROPERTY

of zZ-TRANSFORMS
X(2) Y(z) = H(z) X(2)

—| H(z)

in TIME-DOMAIN
x[n] yln]= hn]*x[n]

IMPULSE
RESPONSE
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EXAMPLE: Poles & Zeros

VALUE of H(z) at POLES is INFINITE

POLES & ZEROS
ROOTS of Numerator & Denominator
b +bz" b.z+b -1
H(z)=""7 - H{z) =~ HE)=2
l-az zZ—aq 1-0.8z
b 2+2(-1) —
bz+b =0 =z=——"| [zERO: H(Z):Tg(_l)zo 20 i el
by| |H=)=0 :
24297 2 POLE at z=0.8
z—a; =0 = z=a| [POLE: H(z) > inf H(z)= =2 oo
1-0.8(%H)7" 0
FREQUENCY RESPONSE
 C—

POLE-ZERO PLOT
] SYSTEM FUNCTION:

H(z) has
FREQUENCY RESPONSE of IIR

. We have H(z) .
H(e’”)= H(z)._ i

ZEROatz=1 ||
051\
NI S
0.5t ¢ 7 [PoLEat
2+2z7' [ | b |z=08
1 : : : THREE-DOMAIN APPROACH
1-0.8z -1 0 1 T
h[ﬁl] <~ H(z) & H(e H)




FREQUENCY RESPONSE

EVALUATE on the UNIT CIRCLE
jo _
H(e'")= H(z)._

by + b1z~ !
1 —az7!

H(z) =

B by + ble—j(?)

Z:g.j(:—’ -

H('?) = H —
(/%) = H()| =
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FREQ. RESPONSE FORMULA

1
1—0.8¢ 7
1 1
T 1-0.8¢7° 1-0.8¢"
1 1

1+0.64 —087°-0.8¢° |1.64—1.6cos@

A 2 1 A
w=0, |HE")|) =——=25 w=71r?
- Y =G © .

1 -
H(z)=———— — H(e'*) =
&= 0s )

2 | 1
ey = 11—0.8¢7°

FREQ. RESPONSE from H(z)

Magnitude of Frequency Response
T T T

UNIT CIRCLE

i [
| 1-0.8¢
—

Phase of Frequency Response
T T T T T T T
50 + i
1 1 1 1 1 1 1
-3 -2 -1 0 1 2 3
8/ @ = Angle Around Unit Circle

Degrees
o

20

MAPPING BETWEEN z and @

The Complex z-Plane A

S _ b —_— ja)

~ P |
g o ‘3 =
Z o~ Trz=1 & w=0
Ei — Unit Circle ;
-0.5 : A
. S TTe=-1l © o=tz
=1 & w=157
-1 -0.5 0 0.5 1
Real Part
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3-D VIEWPOINT:
EVALUTE H(z) EVERYWHERE

WHERE is
the POLE ?

UNIT CIRCLE

MOVIE for H(z) in 3-D

POLES to H(z) to Frequency Reponse
TWO POLES SHOWN

PealngResponse mov

— 4
Sl
25'
"
| YOwev —. =
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MOVIE for H(z) in 3-D

POLES to H(z) to Frequency Reponse

PealngResponse mov

TWO POLES SHOWN

[ Yewev ==
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3 DOMAINS MOVIE: IIR

08 1 H
== z
o 1-0.9z (2)
0.4 ‘
502
-2
E A o 'X o Ianrl. MAIGNITUDE HFSPOIMSEI
E-n.z -
T 04
0.6 s
08 4
-1 2
=1 2.5 nun 0.5 1 o I n h L H L L n n
L= 45 04 93 92 01 0 01 02 03 04 05
| POLE MOVES
IMPULSE RESPONSE: hinl DTFT: PHASE RESPONSE (DEGREES) H((O)
1 ® 180
- {IIH 'm - - - - : |
[ | | | ” TH1Trererrecssccsces "/'—\_/"/
05 h[n] -0 g
-5 0 5 10 15 20 25 30 35 _l.-?l.ﬁ 04 03 02 01 0 0. 02 03 04 05
n Mormalized Frequency wi2s




PeZ Demo: Pole-Zero Placing

Pe|2z|p2|-p| 2| 4|  AddPepeatedly | Add with Conjugste | 2om Ensbila | ClickEnsble Unlink | Fittr Coefiients | Shaw Graph |
Pole-Zero Plot
; X
& o
W A
. % -
o =
Edit | Delete Ed
Impulse Response real part Magnitude Response Phase Response
1 A 3
05l o imagineypan I ‘ ’ \
L Y- JAUAY WA
: X
\J 1 J
ost®|” | System —
4 3
0 10 20 2 [ 2 -
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SINUSOIDAL RESPONSE

x[n] = SINUSOID => y[n] is SINUSOID
Get MAGNITUDE & PHASE from H(z)

if x[n]=e’*"

then y[n]=H(e’?)e’"
where H(e’”)=H(z)
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10
z=¢’

Evaluate FREQ. RESPONSE

POP QUIZ: Eval Freq. Resp.

z=lis®w=0 Magnitude Response _
- il 242271

20 M = at @ =0.257
—VU.0Z

1:\ // \\ /
I~ —~ I~

Amplitude

) W (@ =0.257 ﬁ zero at (=T
E
g 0
i V.
[=:
)
-6 4 -2 0 2 4 6

Y Normalized Frequency & 32

Given: 24277

Find output, y[n], when x[n]=cos(0.257n)

i0.25
Evaluate at |, _ /0257

2+2(2 + 42
1—0.8¢77°%"

y[n]=5.182c0s(0.257zn — 0.417 )

H(z) = =5.182¢77"”




