LECTURE OBJECTIVES

Signal Processing First
Sampling Theorem Revisited
GENERAL: in the FREQUENCY DOMAIN
Fourier transform of sampled signal
Reconstruction from samples
Lecture 25 Reading: Chap 12, Section 12-3
Sampling and Reconstruction

i i ' fFT [
(Fourier View) Review of FT properties

Convolution €<-> multiplication

Frequency shifting
Review of AM
Table of FT Properties Amplitude Modulator
x(O)*h(t) & HGo)X( o) W) = x(D)cos(@ +9)
Delay Property X(]w) % Y(i C()) :%emX(j(w _ (l)c))
— i cos(w,t+ @) _; .
x(t—ty) e ]CUth(]a))| +3e " X(j(o+ @,))
Frequency Shifting M
J ot X(ilw— x(t) modulates the amplitude of the cosine
x(t)e g (](a) @o )) wave. The result in the frequency-domain
Scaling 1 v( (2 is two SHIFTED copies of X(ja).
x(at) < 1 X(j () P )
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DSBAM: Frequency-Domain

DSBAM Demod Phase Synch

“Typical” X(jw) (@)
bandlimited A
input signal
o, 0 o, ®
ggiczgsency-shlfted £ Y(jo) »
Lower sideband Upper sideband
Le2x( j(a)+% A2 /Kef "X (j(o-a,)
So-o) -0, -0te 0 -0 W, o o, ©
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Demodulator

1
1
x(t) y(#) = x(2) COS(aJCl‘): w(?) | Ideal Lowpass
> h—————- — Filter
H(jw)

v(?))

cos(@,t)

V(jw)=%cos(p)X(jw) whatif o =577

(o) LK o+ e XD

+1e’X(j(w-20)tTe 7’ X(j(w+2a,))

Quadrature Modulator

- x1(0)

X

coS(wet)

sin(wct)

signals on
Can you “separate”

Y(jo) =1 X (j(0- @)~ X, (j(o-a))
+HL X (j(0+ @)+ X, (j(o+ @)

channel: “out of phase”
them in the demodulator ?
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Demod: Quadrature System

v(t)=x,(t) if =0

y(r) w(t) LTI System
:% h(t), H(jw)

cos(w.t + @) V() =x,(t) if p=-7/2

Y(jo)=1X,(j(wo-a,)-LX,(j(®-.)
+1X (j(w+ @) +LX,(j(0+,.))

Vijo)=L+e?X,(jo)+L+e 2 1P X, (jw) +

L/ X (jow)+1em2e? X, (jo)




Quadrature Modulation: 4 sigs

Spectrogram: Quadrature Modulation of 4 Signals on 2 Channels
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ideal C-to-D Converter

Mathematical Model for A-to-D

1 1
1 1
x(t) ! xs(t) | Convert ' x[n]
: (%) ] 1o : »
: T Sequence ! X[I’l] — x(n]})
1 ) 1
1 = 1
1oplt) = Z 3t —nTs) FOURIER
' n=—oo ' TRANSFORM
e ! of x.(t) ?27?
Ideal C-to-D Converter
8/22/2003 © 2003, JH McClellan & RW Schafer 11

Periodic Impulse Train

p(D)
T T T (D T(l) T(l) T(l)
37T, 27T, -T, T, 27, 37, ¢

p(t)= Y. 8(t—nT,)= Zakef"“’s’ o=

n=—oco k=—0c0 ]:9
T2 S
B L ja(t)e_jkwstdt _ L Fourier Series
s 1,2 3 .

FT of Impulse Train

o

p)= Y8u-nT) & Pj@)= Y ZT—”&w—kws)

n=—co k=—c *s
p(t)
37, 2T, -T,
P(jow) (b)

$ T(%’z) ) T(zzz) T()




Impulse Train Sampling

o X(t)_(% Xs(6)

p) =) 8@t —nTy)

n=—00

> x(0S(t-nT,)

N=—o0

x()=x(0) T &t-nT;)=

N=—o0

Xs(2) =

x(nT)é'(t nl))

Nn——oo 14

8/22/2003

lllustration of Sampling
s (1) = x (1) p(1)
x(t) B @
T xGn)
x(— 2Ts X(ZT‘ xX(4Ty)
A
—2T —T, 2T, 3T, 4T \_ ¢
x(0>v 7 >
x(!3TS) x(Ty) x,(t) = Zx(nTS)é'(t—nTs)
x[n] = x(nTy) (b)
x[—1] x[3]
L 1]
x[=2] x[4]
S | ¢
-2 -1 l 2 3 4 n
x10] l
8/ x[_?’] x[l] 15

Sampling: Freq. Domain

x(1) X (1)
_ N _jkoi  EXPECT
p(1) = Zake FREQUENCY
j— SHIFTING !!!
S S k.t
p(t) = 25@—"7}): Zake]
NN=—oc0 k=—c0
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Frequency-Domain Analysis

x()=x(t) X S(t—nTy)=

oo

S x(nT,)8(t~nTy)

k=—o0 S S f=—o0 %
1 3 .
X(o)=— 2 X(j(o-kaoy))
Ts k=—oo 27
w, ==
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Frequency-Domain
Representation of Sampling

X(jo)
“Typical” A
bandlimited signal
—Wp Owb wp w
. [ .
X (o) =7 X X(@=ke)
S f=—c0

X (jo)
FX(@+20)) £X(@+0)) TL (9 £X(@=-0) £X(@=20))
s

s

2wy —wyg —% -wp () wp % R@ Wy 2wy @
s

Aliasing Distortion

X(jo)
“Typical” A
bandlimited signal

@y
-wp () wp

If w, < 2w, , the copies of X(jw) overlap,
and we have aliasing distortion.

3wy 2wy —Ws _% 0 % [on 2wy 3wy w
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Reconstruction of x(t)

Reconstruction
Filter

Hy(jo)

x(1) Xs (1) Xr (1)

(e o]

x, ()= ¥ x(nT,)é(t~nTy)

Nn=—c0

1

X (o)=7 T X(j@-ka)

X, (jo)=H,(jo)X(jo)
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Reconstruction: Frequency-Domain

N Xs(jo) ()

: A /TJ& /B
D0, oy 2% 0 B o, 20, ©
AH, () If w, >2w,, the copies of
X(jw) donot overlap, so

X,(jo)=H, (jo)X(jo)

I

b

>

2wy —wy _% 0 % wy 2w

Xr(jo)
A ©

. . . , . - )
2wy —wy “®b (0 @b on 205 ®




Ideal Reconstruction Filter

Hr(ja))= 7}9 T
0 |w>=
I
r
-1 0 T )
o h,
Sin 7 4 “ . (0)=1
T, h,(nTy)=0,n==%1,%2,...
-7,

8/22/2003

/. e

0 Ts\/z T ~ t

22

Signal Reconstruction

x(0) = h(O) ¥ x, () = ()% ¥ x(nT)(t—nT,)

8/22/2003

N=—o0

[ e}

x.()= % x(nTy)h(t —nT,)

Nn=—oo

. 7
o0 s1nTS(t—nTs)

x ()= 2 x(nT)

n=—oc0

5)

Ideal bandlimited interpolation formula
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Shannon Sampling Theorem

“SINC” Interpolation is the ideal

PERFECT RECONSTRUCTION
of BANDLIMITED SIGNALS

A signal x(t) with bandlimited Fourier transform such that X (jw) = 0
Jor |w| > wy, can be reconstructed exactly from samples taken with
sampling rate ws = 270 [T, > 2wy, using the following bandlimited

interpolation formula:

[s«]

z,. (1) = Z z(nTy)

n—=—oc

sin [Tlg (t— nTs)]
TL (t — nTs)
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Reconstruction in Time-Domain

Xs(6) = x(0)p(t)

t |

X[l] sin( (t=T5)/Ty)

n(t-T5)/ T
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37, A r, 4 T A, 1 _ Ty
2T, T, * ¢ 2T, 3T, 4T, ¢ 2T T, I\ I AT, 3T, 4T, 1
sin(mt/Ty) ; o7
MO x[2 BT
3T T s 3T L/+\ o
2T, —Ts\*/ 20, 3T, 4T T, T, 2T, 3T, 4T, ¢
in(x(1+T,)/ Ty
x[*l]% ‘x,.(t)
;3.T-V /T\T TSA > 73TX /’\/\ TJ /\/\/\ >
AR >
20, T, 2T, 3T, 4T, z\/ 27, T, \..\/\/23 37, AT ¢




ideal C-to-D and D-to-C

1

1
() ! x5(t) | Convert
_ e ) —— to

:x:[n]

Sequence

Ideal C-to-D Converter

x[n]=x(nT)

1 1
E Convert |rs(t)] Reconst. E . (t)
L > to | Filter 24—
: Impulses H,.(jw) :
: :
ke e e e e e .. ... - - 1
Ideal D-to-C Converter
. T
o0 sin(¢—nTy)
— s
x}" (t) - Z X[n] T
n=—co T, (t o nTv )

Ideal bandlimited interpolator

X.(jo)=~ 3 x(jo-kay XUD=H(0)X (o)

Ideal Sampler
1
TS k=—o0
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