Signal Processing First

Lecture 23
Fourier Transform
Properties
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READING ASSIGNMENTS

This Lecture:
Chapter 11, Sects. 11-5to 11-9
Tables in Section 11-9

Other Reading:

Recitation: Chapter 11, Sects. 11-1 to 11-9
Next Lectures: Chapter 12 (Applications)

8/26/2003 © 2003, JH McClellan & RW Schafer 3

LECTURE OBJECTIVES

Fourier Transform

The Fourier transform

X(jo)= ]fx(t)e_jwtdt

—CQ

More examples of Fourier transform pairs

Basic properties of Fourier transforms
Convolution property
Multiplication property

8/26/2003 © 2003, JH McClellan & RW Schafer

1 < ) it Fourier Synthesis
x(t) = ﬂ .[ X(] (())e] dw (Inverse Transform)

o0
. — it Fourier Analysis
X(jw)= [ x(t)e T di (Forward Transform)
—00

Time - domain < Frequency -domain
x(1) & X(jo)




WHY use the Fourier transform?

Manipulate the “Frequency Spectrum”

Analog Communication Systems
AM: Amplitude Modulation; FM
What are the “Building Blocks” ?

Abstract Layer, not implementation

Frequency Response

Fourier Transform of h(t) is the Frequency
Response

h(t) = e u(t)

—_—
"

Ideal Filters: mostly BPFs i
Frequency Shifters h(t) = e_tu(t) — H(]a)) = :
aka Modulators, Mixers or Multipliers: x(t)p(t) 1+ ]C()
1 [4<T/2 sin(@wT /2 sin(@gt , 1 o< o
x(t) = s X(jo)= ( ) x(1) = sSl@o) -, X(jow)=
0 |{>T/2 (w/2) (1) 0 |wl> ay
[ — ‘lx(t) (3)7 — \X(l‘) (a)i
1
T 0 T "1
2 2
X(jo) 0 N\ &z t
A wp [
T (b) '
AX(J'U)) (b)
1
— N\ _2TH N\ — .
8/26/20( —Wp 0 wp Z)
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x(O)=8(t~1,) & X(jo)

I
N

—Jj 1,

- x(t) = AS(1)

th=0 (A)

Y

AX(J.CU)

ey
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Table of Fourier Transforms

x(t)=e "u(t) & X(jow) =

a+jw

1 |

o [>T/2 (w/2)

1 [4<T/2 i
Xt _{ U N X(jw):sm(a)T/Z)

sin(@g?) 1 o<

x(t) = (1)

X(ja))z{

0 |wl>awy

x(t) = 8(t— 1)) & X(jw)=e /"
x(t) = ¢/ X(jw)=27m(w— wy)

8/26/20)

x(t) = cos(wyt) &

X(jw) = mo(w- a)o) + 7mo(@ + a)o)

AN/

\/\/\/\/

X(jow)

T(ﬂ ) T(ﬂ )

8/26, -, 0 W,
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Fourier Transform of a
General Periodic Signal

If x(t) is periodic with period T,,
x() =

f=—oo 00

1% —jkagt
ap =— [ x(t)e " dt

. kot
Therefore, since ¢’*“°

& 2mo(w—kawy)

X(jo)= 3 27a,5(w—kay)
f=—oo
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Square Wave Signal

x(2) = x(t+1Tp)

a :iTofz(l) Kt +— ( (—De " dt
¢ ]:) 0 0 12;/2

Square Wave Fourier Transform

x(t)=x(t+Ty) Ax(t)
—21y -1y [I(] T/2 [I@ 2T, ¢
tX(jo) 2
1. X(jw)= Y 2za,dw-kaw,)
2”'-1 2"“’1 ==
2na
2ra 2rta 23'[ a 3 2na 2rta 21 a
At A4 ‘I‘ S
-Qco 7o, B, -a, 0 o 26 Scu de 5 T %o, @

] 0. 0 0 4] 0

Table of Easy FT Properties

Linearity Property

ax, (1) + by (1) & aX,(j@) + bX, (&)

‘ Delay Property

x(t—t;) & e_jCUth(ja))|
Frequency Shifting

x(1)e’ " & X(j(w - wy))
seana [ (at) & 5 X( @)
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Scaling Property

x(at) & 7w X(j(9)
T x(at)e’”'dt = ]j x(T)e‘j“’(”")(ﬁ)dT

—00 —00

= Td T X(j2)

x(2¢) shrinks; X (/%) expands
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Scaling Property

Uncertainty Principle

x(at) & @ X(j()

ax,(t) X, 00) (b)
| (a) ﬂ\
~_ I\ N~

NI AT
1 0 1 t
) X jo)
— d
L mo=x@)] | o
— P
. SNaon 0 N dn o
5 0 5 t 18

Try to make x(t) shorter

Then X(jw) will get wider

Narrow pulses have wide bandwidth
Try to make X(jw) narrower

Then x(t) will have longer duration

Cannot simultaneously reduce time
duration and bandwidth
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Significant FT Properties

Convolution Property

x(t)*h(t) & H(jo)X(jo)

x(D)p(t) & 5 X(jo)* P(j)

J ot

& X(j(o-ay))

x(t)e

Differentiation Property

dx(t , ,
dg ) & (jo)X(jo)

S b0 = h0)* (o)
5(1) h(t), H(jw) h(t)
X(jw) Y(jow)=H(jo)X(jo)

Convolution in the time-domain

(0= W) *x(0) = | W(w(i—7)da

corresponds to MULTIPLICATION in the
frequency-domain YJw)=H(jw)X(jw)
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Convolution Example

Bandlimited Signal
“sinc” function

|deal LPF (Lowpass Filter)
is a “sinc”

is Bandlimited
Convolve “sincs”
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Ideally Bandlimited Signal

1 |wl <1007
0 |wl>1007

=" o X(ja»:{
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Convolution Example

X *h(t) & Hjo)X(j o)
sin(1007¢) | sin(2007¢) _ sin(10077)
Tt Tt Tt

4 X(j) and H(jw)

Cosine Input to LTI System

-200 -100 & 0 100n 200m

Y(jw)=H(jo)X(j o)

+ 70+ @,)]

=H(jw,) (0w - w,)+ H(—jw,)nd(w + w,)

W) = H(jo)ke™ +H(—jw,)3e™
= H(jo,)ie™ +H (jo,)3e ™
= |H(ja)0)|cos(a)ot +ZH(jw,))
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Ideal Lowpass Filter

Ideal Lowpass Filter

AX(i0) =8 (- w,) 78 (- 0)
x) ) /Hlp(]a))
_wCO -0, 0 , a)CO [:)
() =x(@) it wy<ag,
WH=0 ifay>a,

l o< o,
. H(jo)= -
X(jo) 0 |af> Wco
2n a'_.j 2n a,
\ f., "cutoff freq."
2n a . 2na
21{8 21-53- 2.”:5_5 -3 s 3 as 21‘[3 2]'[3
Qo T, So, Ba. -o 0 o 26, 30, 4m0 50, - 7o, ' %0, ©

v(t) = 4 sin(507z) + isin(lSOﬂI)
b3 KY/4

5 T T
NIVANNFA FANIVAN FANEVAN
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Signal Multiplier (Modulator)

Frequency Shifting Property

___________

w0

(0 = plo)x(?)

Y(j)= 3 X(jo)* P(jo)

X(a@) | T |
2k

Multiplication in the time-domain
corresponds to convolution in the
frequency-domain.

V(@)= | XGOP(j(@-6)do

8/26/2003
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x(1)e! " & X(j(0- wy))

'[ e’ x(t)e /' dt = j x(t)e /)N gy
= X(j(o-ay))
_sin7t 4, 1 eTT<o<a+T
N = Tt IS )= {0 elsewhere




y(t) = x(¢)cos(wyt) &

Y(jw) =3 X(j(@— @)+ 5 X(j(@+ay))

y(t)

x(1)

& X(jlo+ow,))
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— Xjlo+o,))

T
v v'%b 0 Um t] v [0}

30

(@)

Differentiation Property

ax(t) _df 1= )
dt _dtk2ﬂ"[X(Ja))e] da)J

—00

- % [ Go)X(jo)e! dw

4 Multiply by jo

(" u(0)= ~ae™ " u()+ " 8(0)

d

= 0(t)— ae” "u(t)
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1=

\

a+jw

31




