Signal Processing First

Lecture 21

Frequency Response of
Continuous-Time Systems
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READING ASSIGNMENTS

This Lecture:
Chapter 10, all

Other Reading:

Recitation: Ch. 10 all, start Ch 11
Next Lecture: Chapter 11
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LECTURE OBJECTIVES

Review of convolution
THE operation for LTI Systems
Complex exponential input signals

Cosine signals
Real part of complex exponential
Fourier Series thru H(jw)
These are Analog Filters
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LTI Systems

x(t) LTT y(t) = h(t) * z(t)
> System >

5(1) h(t), H(jw) h(1)

AelPeiwt

H(jw)Ael®elt
Convolution defines an LTI system

W) = h(t)* x(¢) = T W)X (t - 7)dT

Response to a complex exponential gives
frequency response H(jw)
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Thought Process #1

SUPERPOSITION (Linearity)
Make x(t) a weighted sum of signals

Then y(t) is also a sum—different weights
DIFFERENT OUTPUT SIGNALS usually

Use SINUSOIDS
“SINUSOID IN GIVES SINUSOID OUT”

Make x(t) a weighted sum of sinusoids

Then y(t) is also a sum of sinusoids
Different Magnitudes and Phase

LTI SYSTEMS: Sinusoidal Response
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Thought Process #2

SUPERPOSITION (Linearity)
Make x(t) a weighted sum of signals
Use SINUSOIDS

Any x(t) = weighted sum of sinusoids

HOW? Use FOURIER ANALYSIS INTEGRAL
To find the weights from x(t)

LTI SYSTEMS:

Frequency Response changes each sinusoidal
component
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Complex Exponential Input

x(t)= Ae”’e™  y(t) = H(jw)Ae'’ &

oo

W)= | h(D)de?e™ Pdr

oo

y(t){ J

—00

S
h(r)e " dr|Ae’’e’
A

When does H(jw) Exist?

H(](())= .[ h(Z')e_ijdz' Frequency

Response
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When is |H(Ja))| < oo

IH(j w)| =

]o h(z')e"’mdr< < _flh(r)”e"j"” dt

oo —o0

H(jw)| < ojo (T T < oo

Thus the frequency response exists if the LTI
system is a stable system.
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1

a+ jo

h(t)=e “u(t) & H(jw)=

Suppose that h(t) is:

a=1

H(jw)= I e “u(t)e’"dr = I e
—oo 0

a>0

. (o)
—at _—jor

e e

—(a+joyr |7

1
, atjo

e
—(a+ jw)

H(jw)=

, —(a+jw)
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Magnitude and Phase Plots

I :

H(jo)=—
Tjo 1+ jo W1+ a?

2 H(je)

____________________ v |[LH(jw)=—atan(w))

-1

H(-jo)=H (jo)~

Freq Response of Integrator?

Impulse Response
h(t) = u(t)
NOT a Stable System
Frequency response H(jw) does NOT exist

_ 1 1
h(t)=e “u(t) = H(jw)= — - —?
a+jo  jo

Need another term
“Leaky” Integrator (a is small)
Cannot build a perfect Integral a—0
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W)= x(t~1g)

Ideal Delay:

H(jo)= | 8(z—t,)e " dr =™




Ideal Lowpass Filter w/ Delay

T < @,

. e

feo "cutoff freq."

Magnitude

Linear Phase
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Sinusoid in Gives Sinusoid out

7 CLTI (Linear Time Invariant) System Demo ver 2.03
Plot Options  Help

Magnitude of the Fllter OUTPUT SIGNAL
; 1.5 cos (2n40t - 0.2952x )
5

INPUT SIGNAL
2.5 cos (2x40t)
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Phase of the Flller 5

e Amplitude

Amplitude = 2.5
[ 25 |

Frequency = 40

»

Phase (radians)
o

Phase = 0*pi
I —

DC Level = 0 Frequency (Hz)
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" Theoretical Answer

Example: Ideal Low Pass

e |w|<2
0 |a|>2

x(t) =10e’”"e/*" 15 y(t) = H(j1.5)10ee/

HLP(ja)) =

W(t) = (e—j4.5 )loejﬂ'/3ejl.5t —10e/"/3pi150-3)
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Cosine Input

A t A —jo _—jwyt
x(t)= Acos(a)ot+¢):ze Yo’ +Ee’¢ej "

—j¢ _—joyt

W) = H(]a)o)_e]¢e]w0 + H(- ]a)o)_e e

Since H(—jw,)=H (jw,)

w(t) = A|H(ja)0)| cos(w,t+ ¢+ LH(jw,))

17
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Review Fourier Series

General Periodic Signals

ANALYSIS
Get representation from the signal
Works for PERIODIC Signals

Fourier Series
INTEGRAL over one period

|
a, =— | x()e " dt
. 75{()
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x(t)=x(t+1y) -

1

=7, R R I L

x(t) — i akeja)okt & Fourier Synthesis
Fundamental Freq.
=2r /T, =27,

¥ Fourier Analysis

chafer 19

fk=—co

=— j x(O)e ™ dtw_
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Square Wave Signal

Spectrum from Fourier Series

x(t)=x(t+1y)

2T, —Ty " 0 Y 2T0’ut
_ | | | |
1 To/2
a, =— [ (De a4 L j (=1)e " gt
T(; 0 T;) /2
e—ja)okt 2 e—jwokt Ty l_e_j,[k
a =4|. | =T
—JWkT|, —j w,k1, olr, 1 J 7k .

8/22,

_emim [ 2 g +1,43,...

ar =— i = jﬂ'k
Tl
J 0 k=0,£2,44,...
Magnitude Spectrum for Square Wave
T T T T T a)O = 27[(25)
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LTI Systems with Periodic
Inputs

z(t) 5 L}‘I y(t) = h(t) = xz(t)
> ystem >

Jookt | h(t), H(jw) . jwkt

a,e 0 H(jo,k)ae ™

Output has same frequencies

By superposition,

W)= D a,H(jw k)’ =D be’™"

k= —oo k= —oo

b, = aH(jwk)

22
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Ideal Lowpass Filter (100 Hz)

- Magnitude Spectrum for Square W . 1 |a)| < a)CO
T HU®)=
06 0 |(0| > W
§0.4— 1
a n n
E Jeo  "cutoff freq."
D.||II.||| . Lot
-400 -300 -200 -100 0 100 200 300 400
Frequency (Hz)
4 . 4 .
y(t) = —sin(50m) + —sin(1507z)
15 ‘ /4 RY/1 ‘
NIFANEFAN FANRVAN FANIVA
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Ideal Lowpass Filter (200 Hz)

- Magnitude Spectrum for Square Wi . 1 |a)| < a)CO
T, HUe)=
0.6f 0 Ia)l > W
[})
Soar 4
= [N []
g feo "eutoft”
|11 |
ot 1.1 | | | . . ‘ | | .1 4.
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v(t) = 4 sin(507z) + 4 sin(1507z) + i sin(2507x) + 4 sin(3507z)
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Ideal Bandpass Filter

- Magnitude Spectrum fo 1 |a) +twl<iw.
. c 2 B
T T T H(] a)) =]
0.6F 0 elsewhere
z
0-2 | |
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What is the ouput signal ?

. o 4
y(t):ie,zn(ns)t_j%re j2 (175)t=%cos(2ﬁ(175)t—%71')

jix

8/22/2003 © 2003, JH McClellan & RW Schafer 25




H(jo)=e """

Example

X(t)z Z akeja)okt Hy(t) — Z bkejwokt

k:—oo k:—oo

b, = a H(jo k)= ae "

oo

_ —jw.kt, jo,kt Z Jook(t—t,)
y(t) = Z a,e e = a,e

k= —o0 k:—oo

222222222 s () =x(t—ty)




